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AN ENERGY-CAPACITY INEQUALITY FOR LEGENDRIAN SUBMANIFOLDS
GEORGIOS DIMITROGLOU RIZELL AND MICHAEL G. SULLIVAN
Abstract. We prove that the number of Reeb chords between a Legendrian submanifold and its con-
tact Hamiltonian push-off is at least the sum of the Z2-Betti numbers of the submanifold, provided that
the contact isotopy is sufficiently small when compared to the smallest Reeb chord on the Legendrian.
Moreover, the established invariance enables us to use two different contact forms: one for the count
of Reeb chords and another for the measure of the smallest length, under the assumption that there
is a suitable symplectic cobordism from the latter to the former. The size of the contact isotopy is
measured in terms of the oscillation of the contact Hamiltonian, together with the maximal factor by
which the contact form is shrunk during the isotopy. The main tool used is a Mayer–Vietoris sequence
for Lagrangian Floer homology, obtained by “neck-stretching” and “splashing.”
1. Introduction
A by-now famous Energy-Capacity inequality for closed Lagrangian submanifolds of tame symplectic
manifolds was obtained in [46] by Polterovich. Roughly speaking, this inequality provides a lower bound
for the displacement energy of a closed Lagrangian submanifold L (this is an expression involving the
Hofer norm [35]) in terms of the minimal area of a pseudoholomorphic disc with boundary on L ⊂ (X,ω)
of a tame symplectic manifold. In [15] an even stronger statement was established by Chekanov: the
number of intersections L∩φ(L) is bounded from below by dimH∗(L;Z2) whenever φ is a Hamiltonian
diffeomorphism whose Hofer norm is less than this minimal area of a pseudoholomorphic disc, under
the additional assumption that the intersection is transverse; see Theorem 1.10 below for a precise
formulation. Our goal is to provide a contact geometric analogue of the latter result. There have been
previous generalizations of Chekanov’s result in this direction, albeit not in the full generality that is
considered here; see Section 1.3 below for an overview.
A contact manifold (Y, ξ) with a contact form is a (2n + 1)-dimensional manifold with a maxi-
mally non-integrable field of tangent hyperplanes ξ ⊂ TY , and a Legendrian submanifold is an
n-dimensional submanifold Λ ⊂ (Y, ξ) which is tangent to ξ. We will assume that ξ is co-orientable and
choose a contact form α, i.e. a one-form satisfying ξ = kerα, which gives rise to the Reeb vector field Rα
(whose dynamics depends heavily on α). A choice of contact form induces a bijective correspondence
between contact Hamiltonians Ht : Y → R and contact isotopies φ
t
α,Ht
: (Y, ξ) → (Y, ξ) starting at the
identity (note that a contact isotopy need not preserve α). We refer to Section 2 for more details.
Two Legendrian submanifolds do not generically intersect. However, generically there are integral curves
of Rα connecting them: so-called Reeb chords. In fact, if a Legendrian isotopy Λt is sufficiently C
0-
small for t ∈ [0, 1], it follows by the classical result due to Laudenbach–Sikorav [38] and Chekanov [14]
that there are at least a number dimH∗(Λ;Z2) of Reeb chords between Λ0 and Λ1 for a fixed contact
form (in the case when the isotopy is C1-small the bound can be obtained by elementary results from
differential topology).
A C0-small Legendrian push-off of Λ ⊂ (Y, α) is contained inside a standard contact neighborhood
as shown in [30, Theorem 6.2.2]; this is a neighborhood that can be identified with a neighborhood
of the zero-section of (J1Λ, dz + θΛ) while preserving the contact forms, and identifying Λ with the
zero section. Here θΛ denotes the so-called Liouville form on T
∗Λ. The aforementioned Reeb chords
between Λ and a C0-close push-off are in bijective correspondence with the intersection points of
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the images of the same under the canonical projection J1Λ → T ∗Λ (here we have used the above
standard neighborhood), under which the Legendrian submanifolds become Lagrangian immersions.
The contact-geometric counterpart of Chekanov’s result would therefore answer the following question:
Given a Legendrian submanifold Λ ⊂ (Y, α), how “large” (in
an appropriate sense) of a contact Hamiltonian Ht is needed
in order for the number of α-Reeb chords that go either from
Λ to φ1α,Ht(Λ), or vice versa, to be less than dimH∗(Λ,Z2)?
Note that the non-relative counterpart of this question concerns the number of so-called translated
points of a contactomorphism. This question has received somewhat more attention in comparison
with the relative case studied here. We refer to the work of Albers–Frauenfelder [4], Albers–Fuchs–
Merry [5], [6], Albers–Hein [7], Sandon [48], and Shelukhin in [49] for related results concerning the
existence of translated points.
1.1. Results. Given a pair Legendrian submanifold Λ0,Λ1 ⊂ (Y, α) by
Qα(Λ0,Λ1; a, b), −∞ ≤ a ≤ b ≤ +∞,
we denote the union of all Reeb chords for the contact form α either
• starting on Λ0, ending on Λ1, and being of length 0 < ℓ ∈ [a, b], or
• starting on Λ1, ending on Λ0, and being of length 0 < ℓ ∈ [−b,−a].
We also write Qα(Λ0,Λ1) := Qα(Λ0,Λ1;−∞,+∞). Our goal is to obtain a lower bound on these
subsets in the case when Λ0 = Λ and Λ1 = φ
1
α,Ht
(Λ0) whenever Ht is sufficient small in an appropriate
sense.
Remark 1.1. Interchanging the order of the two Legendrians we obtain
Qα(Λ0,Λ1; a, b) = Qα(Λ1,Λ0;−b,−a)
(in particular, the Reeb chords that are considered are allowed to start on either of the Legendrians).
Fix a contact Hamiltonian Ht : Y → R. Since φ
t
α,Ht
preserves the contact distribution ξ, we have
(φtα,Ht)
∗α = e
−τ t
α,Htα,
where e
−τ t
α,Ht is called the conformal factor of the contactomorphism. To the contact isotopy φtα,Ht
we can then associate the numbers
(1.2)
A := max t∈[0,1]
y∈Y
τ tα,Ht(y) ≥ 0,
B := −min t∈[0,1]
y∈Y
τ tα,Ht(y) ≥ 0,
M+ := −e
A
∫ 1
0 miny∈Y Htdt,
M− := −e
A
∫ 1
0 maxy∈Y Htdt,
‖H‖osc :=
∫ 1
0 (maxy∈Y Ht −miny∈Y Ht)dt ≥ 0.
(The signs and the notation M± may look odd at first sight, but this notation will become useful in
Section 8 when proving our main theorem.)
Instead of the minimal area of pseudoholomorphic discs, here we consider the following related geometric
quantity:
σ(α,Λ) := The minimal α-length of Reeb chords and periodic
Reeb orbits γ satisfying [γ] = 0 ∈ π1(Y,Λ).
Note that σ(α,Λ) = +∞ holds when the set of contractible chords and orbits is empty.
In the following we assume that the Legendrian submanifold Λ ⊂ (Y, α) and the contact manifolds are
closed, and that α is generically chosen, making both the periodic Reeb orbits and Reeb chords on
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Λ non-degenerate. We defer the notion of a Lagrangian concordance to Section 2, but we note that
Λ ⊂ (Y, α) is Lagrangian concordant to itself.
Theorem 1.3. Let L ⊂ (X, dη) be a Lagrangian concordance from Λ− ⊂ (Y−, α−) to Λ ⊂ (Y, α),
i.e. (Y−, α−) and (Y, α) are the concave and convex contact ends of the symplectic cobordism (X, dη),
and consider a contact Hamiltonian Ht : Y → R which satisfies
(1.4) eA‖H‖osc < σ(α−,Λ−).
Then
|Qα(Λ, φ
1
α,Ht(Λ);−M+,−M−)| ≥
dimΛ∑
i=0
dimHi(Λ;Z2),
assuming that the latter Reeb chords are transverse.
We emphasize that the obstruction is measured for the contact form α− on the concave end of the
symplectic cobordism (X, dη), which need not be the same as the contact form α inducing the Reeb
chords which we count.
Remark 1.5. Without the implementation in Section 5 of Usher’s trick in the setting of contact Hamil-
tonians, as we learned from the work [49] by Shelukhin, we would have to assume
eA+B‖H‖osc < σ(α−,Λ−).
instead of condition (1.4). We believe condition (1.4) can be improved to
‖H‖osc < σ(α−,Λ−),
i.e. a quantity that only involves the C0-properties of the contact Hamiltonian. Unfortunately, we were
unable to show this with our techniques.
One nontrivial consequence of Theorem 1.3 is that the result can be used as an obstruction to the
existence of Lagrangian concordances (cylindrical cobordisms) inside symplectic cobordisms. We refer
to Corollary 1.9 below for the case of exact Lagrangian concordances embedded in the symplectization.
In addition, note that Lagrangian concordances also arise naturally when we interpolate between two
contact forms, as described by Example 2.7. In the case of a “displaceable” Legendrian embedding, we
hence immediately conclude that:
Corollary 1.6. Assume that
|Qα(Λ, φ
1
α,Ht(Λ);−M+,−M−)| <
dimΛ∑
i=0
dimHi(Λ;Z2),
is satisfied for the contact Hamiltonian Ht, where all chords are assumed to be transverse. Then for
any smooth function f : Y → (0, 1], the contact form α− := e
fα satisfies
eA‖H‖osc > σ(α−,Λ−).
In particular, there exists either a contractible chord or orbit for the contact form α− satisfying a fixed
bound of its length.
With a refined version of the non-bubbling theorem proven in Section 4 it should be possible to replace
in the hypothesis of Theorem 1.3, σ(α,Λ) by the minimal dα−-energy of either a pseudoholomorphic
plane in R× Y−, or a one-punctured pseudoholomorphic disc with boundary on R× Λ−. Such a plane
or disc is asymptotic to either a periodic Reeb orbit or a Reeb chord on Λ−. Together with the fact
that the dα−-energy of these pseudoholomorphic curves is equal to the length of the asymptotic orbit
by Stokes’ theorem, it now follows that the latter quantity is less than or equal to σ(α,Λ).
Theorem 1.3 also extends to certain non-compact contact manifolds, such as one-jet spaces, if a standard
contact form is used outside of a compact subset; we refer to Section 3.7 for more details.
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Corollary 1.7. Let Λ ⊂ (Y, ξ) be a Legendrian submanifold and let α0 be a (not necessarily generic)
contact form on (Y, ξ) which is relatively hypertight, i.e. for which σ(α0,Λ) = +∞. Suppose that
Λ′ is Legendrian isotopic to Λ. For any choice of contact form α, we then have the bound
|Qα(Λ, φ
1
α,Ht(Λ);−M+,−M−)| ≥
dimΛ∑
i=0
dimHi(Λ;Z2),
given that the latter chords are transverse.
Proof. The contact form α can be written as α = efα0 for some real-valued function f : Y → R. Choose
any constant m > −minY f. It follows that α− := e
−mα0 also is a relatively hypertight contact form,
while α− = e
−(f+m)α with −(f +m) < −min f +min f = 0. After a sufficiently small perturbation of
the contact form α− it may be assumed to be generic, while the inequality e
A‖H‖osc < σ(α−,Λ) is still
satisfied for the contact Hamiltonian generating the isotopy from Λ to φ1α,Ht(Λ). Since it is possible to
assume that α− = e
gα holds for some smooth function g : Y → (0, 1) also after the perturbation, the
result now follows directly from Corollary 1.6. 
Example 1.8. The following are well-known examples of Legendrian submanifolds satisfying σ(α0,Λ) =
+∞ to which the above corollary can be applied.
(1) The zero section of the one-jet space (J1M,dz − λM ) of a closed manifold M endowed with its
canonical contact form αstd = dz − λM ; i.e. λM is the Liouville form on T
∗M and z is the
canonical coordinate on the R-factor of J1M = T ∗M × R;
(2) A fiber of the unit cotangent bundle S∗M ⊂ T ∗M with contact form α0 = λM |T (S∗M) induced
by a Riemannian metric on M having non-positive sectional curvature (recall that such a Rie-
mannian manifold has no closed contractible geodesics, even without assuming periodicity); and
(3) The conormal lift of a sub-torus (S1)k × {1}n−k ⊂ (S1)n inside the unit cotangent bundle
S∗(S1)n, with contact form α0 induced by the canonical flat metric on (S
1)n = Rn/Zn.
In another direction, define the α-displacement energy of a Legendrian Λ in (Y, kerα) to be
disp(α,Λ) := inf
Ht
eA‖H‖osc
where the infimum is taken over all contact Hamiltonians such that there are no α-Reeb chords
between φ1α,Ht(Λ) and Λ or vice versa. (Set this infimum to +∞ if no such Hamiltonian exists.)
Suppose Λ−,Λ+ ⊂ Y are two Legendrians which are Lagrangian concordant in the symplectization
(R×Y, d(erα)).Without loss of generality, assume that the concordance is cylindrical outside of [S, 0]×Y,
where S < 0.
Corollary 1.9. Under the above assumptions, we have
|S| ≥ ln
(
σ(α,Λ−)
disp(α,Λ+)
)
.
In particular if the length of the shortest α-chord of Λ− is greater than the α-displacement energy of
Λ+, we achieve a non-trivial lower bound on the length of the Lagrangian concordance.
Proof. Suppose H displaces Λ+ is the above sense. Theorem 1.3 implies
σ(α−,Λ−) ≤ disp(α,Λ) ≤ e
A‖H‖osc
where α− = e
Sα and hence σ(α,Λ−) = e
−Sσ(α−,Λ−). 
1.2. Previous results in the symplectic setting. In the following we assume that (X,ω) is a tame
symplectic manifold.
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1.2.1. Results related to Corollary 1.7. Lower bounds for the number of intersections between a La-
grangian submanifold L and its image φ1Ht(L) under a Hamiltonian isotopy has been a major topic in
symplectic topology. In certain cases it has been shown that
|L ⋔ φ1Ht(L)| ≥ dimH∗(L;Z2)
given that the intersection is transverse. Here we present the two most classical such results. In [38]
Laudenbach–Sikorav used generating family techniques to prove the statement for (X,ω) = (T ∗M,dθM )
and L = 0M . Floer homology was introduced in [25] by Floer, based upon Gromov’s technique of
pseudoholomorphic curves [32]. The most basic version of Floer homology can handle the case L ⊂
(X,ω), under the assumption that there is no non-constant pseudoholomorphic representative of any
element in π2(X,L). The work due to Floer proves the lower bound in this setting. Finally, we note that
a far-reaching generalization of Floer homology has been constructed, which can be used to determine
such non-trivial lower bounds in many cases [28], [29].
1.2.2. Results related to Theorem 1.3. In [15] Chekanov provided the following refinement of the Energy-
Capacity inequality due to Polterovich [46]. Recall the definition
‖φ‖ := inf{
Ht; φ=φ1Ht
} ‖H‖osc
‖H‖osc :=
∫ 1
0
(
max
X
Ht −min
X
Ht
)
dt,
of the Hofer norm of a Hamiltonian diffeomorphism, as well as the definition of the holomorphic disc
capacity
0 ≤ σω(L) := sup
J∈J (X,ω)
inf
u∈M(L;J)
∫
u
ω ≤ +∞,
where M(L;J) denotes the moduli space consisting of non-constant J-holomorphic representatives of
elements in π2(X,L) and J (X,ω) is the contractible set of tame almost complex structures on (X,ω).
Theorem 1.10 ([15]). Suppose that φ : (X,ω) → (X,ω) is a Hamiltonian diffeomorphism of a tame
symplectic manifold satisfying the inequality ‖φ‖ < σω(L) for a closed Lagrangian submanifold L ⊂
(X,ω). It follows that
|L ∩ φ(L)| ≥
dimL∑
i=0
dimHi(L;Z2),
given that the intersection L ⋔ φ(L) is transverse.
1.3. Previous results in the contact setting.
1.3.1. Results related to Corollary 1.7. Chekanov’s refinement [14] of the aforementioned result [38] by
Laudenbach–Sikorav establishes the persistence of Reeb chords under general contact isotopies of the
zero-section of J1M – a set of transformations that obviously is much larger than its subset consisting
of the lifts of Hamiltonian isotopies of T ∗M . This can be used to deduce Corollary 1.7 in the special
case when Λ = 0M ⊂ J
1M and when the contact forms are all taken to be standard, i.e. when
α = α0 = αstd.
Recall that in this case the Reeb chords between Λ and its push-off are in bijective correspondence
with intersection points of their images under the canonical projection J1M → T ∗M. Our result can
therefore be seen as a generalization of this result to general contact forms. (Recall that we still have
to make the requirement that the contact forms coincide with αstd outside of a compact subset.)
In the more general case when α = α0, and σ(α0,Λ) = +∞, but under the additional assumption that
φRRα(Λ) :=
⋃
t∈R
φtRα(Λ) ⊂ Y
is a closed submanifold, the conclusion of Corollary 1.7 also follows from work of Eliashberg–Hofer–
Salamon [22, Theorem 2.5.4].
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There have also been results inside certain prequantization spaces. Consider the standard Legendrian
RPn ⊂ RP 2n+1, i.e. the image of
ReCn+1 ∩ S2n+1 ⊂
(
S2n+1, ker
2n+1∑
i=1
(xidyi − yidxi)
)
under the canonical projection, where the contact structure on RP 2n+1 is induced by the standard
contact structure on Sn+1. A result by Givental [31] shows that there must exist a Reeb chord between
RPn and φ1α,Ht(RP
n) for any choice of contact form α and contact isotopy; also, see related results [10]
by Borman–Zapolsky. Note that this result cannot be deduced from Corollary 1.7, due to the presence
of contractible periodic orbits and chords. We expect that the results can be recovered by our methods
as well, after a more refined Floer theoretic invariance has been established.
1.3.2. Results related to Theorem 1.3. There have also been previous results along the lines of Theorem
1.3, i.e. taking quantitative properties of the contact Hamiltonian into account.
Notably, in the case when α = α− is the S
1-invariant contact form on a prequantization space
S1 → (P,α)→ (M,ω),
and when Λ = Λ− is the lift of an embedded Lagrangian submanifold in (M,ω), such results were
obtained in [34] by Her generalizing previous work by Ono [45]. For a result in contactizations of
Liouville domains with the standard contact form we also refer to the more recent result [2] by Akaho.
For a Legendrian submanifold of a general contact manifold (again under the assumption that α = α−
and Λ = Λ−), Theorem 1.3 can also be seen to follow from a result by Akaho [3], again under the
additional assumption that
φRRα(Λ) ⊂ Y
is a closed submanifold satisfying some additional topological constraints. Note that the latter behavior
is non-generic and imposes severe restrictions on the contact form.
Finally, we mention the result [23, Remark 1.14] due to Entov and Polterovich which is relevant here.
They use completely different techniques to show that, under suitable assumptions, a Legendrian and
its image under the Reeb flow (for a fixed contact form) admit a Reeb chord from one component to
the other for all choices of contact forms.
1.3.3. Results related to Corollary 1.9. Sabloff and Traynor prove a similar result when the Legendrian
contact homology DGAs have augmentations [47], which in turned inspired this corollary. Their hy-
potheses are stronger as many Legendrian contact homology DGAs do not have augmentations. But,
on the other hand, they have an improved bound where their numerator is not just a chord of minimal
length, but runs over a collection of (possibly longer) chords which represent certain canonical classes
in the so-called linearized Legendrian contact homology (this is a chain complex associated to the Leg-
endrian which is generated by its Reeb chords). They also consider general Lagrangian cobordisms in
the symplectization, as opposed to just concordances.
1.4. Overview of paper. In Section 2 we review background definitions of Lagrangian cobordisms.
In Section 2.6 we introduce a Language that will later allow us to consider different Hofer-type energies
for a single pseudoholomorphic curve in a fixed symplectic cobordism; roughly speaking, instead of the
symplectic area induced by the symplectic form dη we will also consider the “area” induced by the (not
necessarily symplectic) two-form d(ϕη) for different functions ϕ subject to certain conditions. These
Hofer-type energies are important for studying the compactness properties of the moduli spaces, but
later we will also utilize this language in order to formulate a version of neck-stretching.
In Section 3, we introduce a Floer theory for Lagrangian cobordisms. The Floer strips with Hamiltonian
perturbation terms are of the type usually considered in Lagrangian Floer homology. (However, some
of the formulations might not be “mainstream” in that we absorb the parameters of the continuation
maps into our ∂-equation.) The main new ingredient here is that we use the previously defined two-
form d(ϕη) to define new Hofer-type energies, and then we consider the action properties of the Floer
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complexes for these different choices. These Hofer-type energies allow us to formulate refined conditions
for when compactness holds, that is, when Floer strips have no pieces which escape into to the concave
end of the symplectic cobordism. (Ordinary symplectic energy does not capture the pieces of a curve
that disappear into the concave end since the symplectic area of these pieces vanishes.) In addition,
we formulate condition that ensure a weak form of “filtered invariance” of our Floer complexes with
respect to our Hofer-type energies, which later will be crucial; see Section 3.5.
The aforementioned compactness property is proven in Section 4, which is somewhat technical Gromov
non-bubbling result for strips satisfying a Cauchy-Riemann equation with a Hamiltonian perturbation
term. While the result is not surprising, to our knowledge it does not follow from the compactness
results which exist in the literature. The strategy is to show that noncompactness implies that a
pseudoholomorphic bubble asymptotic to Reeb chords is forming in the concave end; the typical example
is a pseudoholomorphic plane or half-disc asymptotic to a contractible orbit or chord. The asymptotic
convergence to Reeb chords, together with Stokes’ theorem, then enables us to extract some quantum
~ > 0 of dα-area (i.e. symplectic area in the contact planes) concentrated inside the concave end, for
any sequence of curves in which parts disappear down into the concave end. Here it is crucial that, by
Stokes’ theorem, the constant ~ is expressed in terms of the length of the smallest contractible Reeb
chord and orbit.
Sections 5 and 6 discuss several methods to study pseudoholomorphic curves using Reeb chord actions:
the version of Usher trick for contact Hamiltonians, as implemented by Shelukhin in [49], together with
neck-stretching and “splashing.” The splashing construction in this context is analogous to the wrapping
considered in [18] by Cieliebak–Oancea in order to prove their Mayer–Vietoris long exact sequence for
symplectic homology. Our version of neck-stretching is somewhat less technical, as it only consists
of a consideration of different Hofer-type energies d(ϕη) for a given pseudoholomorphic curve. When
combined with an action argument, this then enables us to exclude the curve from passing through a
certain hypersurface. The advantage is that we never need to deform the complex structure by taking
an SFT-type neck stretching limit in order to reach our conclusion. We anticipate other applications,
as it provides a relatively easy way to decompose a Floer complexes into subcomplexes.
Up until this point, our constructions and definitions apply to arbitrary exact Lagrangian cobordisms
between Legendrians. In Section 7 we provide a technical push-off Lǫ,N,s of our Lagrangian cobordism
L assuming it is a concordance.
The main feature of this push-off is that, for s = σ > 0, the intersection points Lǫ,N,s∩L that are close
to the level sets {r = −N} and {r = N} have a difference of action of magnitude roughly equal to σ.
This is later used in Proposition 8.22 to prove that the Floer complex for these two Lagrangians still
has a mapping cone structure after turning on a Hamiltonian perturbation of oscillation just slightly
less than σ.
We prove the main theorem in Section 8, putting all the previous sections together to compute various
Floer differentials and chain maps for the Lagrangian concordance and its push-off, as well as for other
related pairs of Lagrangians. We outline this proof below.
First we show in Section 8.5 that the push-off of the cobordism constructed in Section 7 has a trivial
Floer complex. We also show that the complex corresponds to the following Morse cohomology complex
(i.e. with a differential counting positive gradient flow lines): Start with the Morse function on the trivial
cobordism R×Λ given as the canonical projection to the R-factor. Add two canceling critical manifolds
– one at the top (some positive R-coordinate) corresponding to the convex end of the concordance, and
one at the bottom (some negative R-coordinate) corresponding to the concave end of the concordance.
Then perform a perturbation from the Morse-Bott to the Morse setting. It is important that the
complex at the top and at the bottom are nontrivial; this is indeed the case, since they both compute
the homology of Λ (possibly with an index shift). In conclusion, the acyclicity of the total complex
implies that the differential must be nontrivial, and moreover that there exists rigid gradient flow lines
going from the bottom complex to the top complex.
We next “turn on" a Hamiltonian perturbation Gt in the middle of the concordance. Here Gt is a
compactly supported Hamiltonian on R × Y constructed, using Section 5, out of the (non-compactly
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supported) cylindrical lift erHt of our contact Hamiltonian of interest. With some care, we ensure that
the Lagrangian is cylindrical over the Legendrian φ1α,Ht(Λ) in a small slice
φ1Gt(L) ∩ ([A+ δ/2, A + 3δ/2] × Y ) = [A+ δ/2, A + 3δ/2] × φ
1
Ht(Λ).
We splash and neck-stretch as in this cylindrical slice to create a “barrier” at {A+ 2δ/2} × Y through
which no Floer strip can pass. See Section 8.7 for more details.
The total complex remains acyclic, as we show in Proposition 8.22 and Corollary 8.23 using a partial
“filtered invariance” of our Floer complex. Here the eA‖H‖osc < σ(α−,Λ−) assumption in Theorem 1.3
plays a significant role. The homological algebra of Section 8.7, based upon the Mayer-Vietoris type
decomposition from Section 6, then shows that applying “splashing” to the slice [A+ δ/2, A + 3δ/2] ×
φ1Ht(Λ) must create new generators. These generators are realized by intersections of the splashed
Lagrangian with the original cylindrical concordance. Very roughly speaking, the complex on the top
and on the bottom contain classes that must be killed in homology (either by being the boundary
of something or by having a nontrivial boundary in the larger complex). Since they cannot kill each
other after the splashing and neck-stretching (no strip can pass through the middle of the cobordism),
they must now interact with the newly created generators inside [A + δ/2, A + 3δ/2] × Y. The latter
intersection points correspond to Reeb chords between Λ and φ1Ht(Λ) starting on either Legendrian,
i.e. analogously to the generators of Rabinowitz Floer homology. Their existence finally gives us the
sought number of chords.
1.5. Relation to existing techniques. It has come to our attention that the authors in [6], when
proving the existence of translated points, use techniques that are similar to some of ours: they use
Shelukhin’s contact version of Usher’s trick when computing a certain oscillatory norm; they introduce
several actions on the loop space and study continuation maps that relate chords; and they show that
similar a priori bounds on energy can prevent certain bubbling in the sense of symplectic field theory.
On the other hand, they work with the action functional used in the definition of Rabinowitz Floer
homology, instead of the more classical setup of Floer homology used here.
It should be the case that Rabinowitz Floer homology for Lagrangian submanifolds as defined in [41],
[42] by Merry – this is a Floer complex with differential counting gradient trajectories of the Rabinowitz
action functional – is a suitable framework also for studying the questions here. In the case when the
obstruction contact form α− and the contact form α used for counting the orbits are taken to coincide,
our results also appear very naturally from this perspective, taking the standard invariance properties
of this Floer theory into account; see Remark 8.19. However, we would like to stress that the full
result in the case when α− and α are related by a symplectic cobordism would require a new form
of invariance for Rabinowitz Floer homology, e.g. one which also allows deformations of the contact
form while working within some suitable action range. The invariance result here is proven by carefully
controlling our continuation maps via “splashing” and “neck-stretching,” in order to produce our Mayer–
Vietoris sequence (8.20). Finally, compared to [6] our analysis of SFT bubbling also has more cases to
consider due to the Lagrangian boundary condition, which makes the situation more involved.
In addition, we make the technical remark concerning the relations between the “splashing” and “neck-
stretching” that we perform here and the related techniques from [18] that aim at the same results.
(For instance, they also obtain a Mayer–Vietoris sequence in a similar setting.) The approach taken
here, however, is more basic since we never rely on the full SFT compactness theorem for excluding the
existence of Floer strips, but rather attain this by mere means of action computations.
2. Basic definitions
2.1. Symplectic geometry. A symplectic manifold (X,ω) is a smooth 2n-dimensional manifold
X together with a closed non-degenerate two-form ω. A symplectic manifold is called exact given that
the symplectic form exact, i.e. ω = dη for some one-form η. An n-dimensional submanifold L ⊂ (X,ω)
is called Lagrangian if ω|TL vanishes and, given that ω = dη is exact with a choice of primitive η, it
is called exact Lagrangian if η|TL is an exact one-form on L.
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A (time-dependent) Hamiltonian H : X × [0, 1] → R, usually written as Ht : X → R where t ∈ [0, 1],
gives rise to the so-called Hamiltonian vector field XHt via Hamilton’s equations
ω(·,XHt) = dHt(·).
The corresponding Hamiltonian flow φtHt : (X,ω) → (X,ω) with infinitesimal generator XHt preserves
the symplectic form.
For an exact symplectic manifold (X, dη) with a choice of primitive η of the symplectic form, recall the
definition of the Liouville vector field ζ, which is determined uniquely by ιζdη = η.
By a Liouville manifold (P, dθ) we mean an open exact symplectic manifold satisfying the following
properties. The Liouville vector field ζ is transverse and outward-pointing to the boundary of a smooth
compact domain P ⊂ P, such that ζ moreover defines a complete (forward-time) flow in the subset
P \ intP . The compact domain (P , dθ) is called a Liouville domain.
2.2. Contact geometry. Recall that a contact manifold is a smooth (2n+1)-dimensional manifold
(Y, ξ) with a maximally non-degenerate hyperplane distribution ξ ⊂ TY called the contact distri-
bution. A Legendrian submanifold is a smooth n-dimensional submanifold Λ ⊂ (Y, ξ) for which
TΛ ⊂ ξ.
For us all contact manifolds will be assumed to have coorientable contact distributions, which is
equivalent to the existence of a contact form α ∈ Ω1(Y ) satisfying ξ = kerα. A choice of contact
form determines the Reeb vector field Rα on Y via the equations
ιRαdα = 0 and ιRα(α) = 1.
This vector field then gives rise to the Reeb flow φtRα : (Y, α)→ (Y, α), which can be seen to preserve
α.
We assume Legendrian submanifolds are closed unless stated otherwise. We also assume that the
contact manifold (Y, ξ) is closed, or that it is the contactization of a Liouville manifold (P, dθ), i.e.
(P × R, kerαstd), αstd := dz + θ,
where z denotes the coordinate of the R-factor. Observe that the canonical contact form αstd on the
contactization induces the Reeb vector field Rαstd = ∂z. When considering a more general contact form
α on a contactization, we will always assume that α = αstd holds outside of a compact subset.
Periodic solutions to the Reeb vector field are called periodic Reeb orbits. Each periodic Reeb orbit
γ has a length given by
ℓ(γ) :=
∫
γ
α > 0.
A non-trivial integral curve of Rα having end-points on an embedded Legendrian submanifold Λ is
called a Reeb chord on Λ, and its length is defined in the same way as that of a periodic Reeb orbit.
We denote Qα(Λ) to be the set of Reeb chords on Λ and Reeb periodic orbits, and Q
0
α(Λ) ⊂ Qα(Λ)
to be the subset consisting of those Reeb chords and periodic orbits which define trivial elements in
π1(Y,Λ).
Example 2.1. The jet space J1M = T ∗M × R has a canonical contact form αstd := dz + θM , where
θM = p dq is the so-called Liouville form on T
∗M and z is the standard coordinate on the R-factor.
This is also an example of a contactization of a Liouville manifold. The zero-section 0M ⊂ J
1M is a
Legendrian submanifold. Observe that Rαstd = ∂z and, hence, that Qαstd(0M ) = ∅.
Remark 2.2. While two Legendrian submanifolds generically are disjoint, there are typically (a discrete
space of) Reeb chords with endpoints on them. In the case of (J1M,αstd), two Reeb chords between
Λ0,Λ1 ⊂ J
1M correspond bijectively to intersection points of their images under the canonical projection
π : J1M → T ∗M . Observe that π(Λi) ⊂ (T
∗M,dθM ), i = 0, 1, are exact Lagrangian immersions,
i.e. immersions for which the pull-back of the one-form θM is exact.
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The above remark relates the phenomenon of intersection points in symplectic geometry with that
of Reeb chords in contact geometry. The following passage from a contact manifold to a cylindrical
symplectic manifold (and from a Legendrian submanifold to a cylindrical Lagrangian submanifold) will
also provide such a correspondence. The exact symplectic manifold
(R× Y, d(erα))
associated to a contact manifold is called the symplectization of (Y, α), where r denotes the standard
coordinate on the R-factor. Observe that the cylinder R × Λ ⊂ (R × Y, d(erα)) is (exact) Lagrangian
if and only if Λ ⊂ (Y, α) is Legendrian.
2.3. Contact Hamiltonians. A contact Hamiltonian is a smooth function
H : Y × [0, 1]→ R,
which usually will be considered as a family of functions Ht : Y → R, t ∈ [0, 1]. The Hamiltonian e
rHt
on the symplectization can be seen to have a Hamiltonian flow of the form
φterHt(r, x) = (r + τ
t
α,Ht(x), φ
t
α,Ht(x)), (r, x) ∈ R× Y.
The translation τ tα,Ht(x) is determined by the so-called conformal factor via the formula
(φtα,Ht)
∗α = e
−τ t
α,Htα.
The contact Hamiltonian can be recovered from the formula
Ht(φ
t
α,Ht(x)) = α
(
d
dt
φtα,Ht(x)
)
.
Observe that τ tα,Ht : Y → R is indefinite for each t ∈ [0, 1], and that it vanishes identically if and only
if the contactomorphism preserves the contact form; such contactomorphisms are usually called strict
contactomorphisms. We have
φ
g(t)
Rα
= φtα,g˙(t),
where g˙(t) : Y → R is seen as family of constant functions, and where the left hand side is the Reeb
flow.
A standard result implies that each one-parameter family of contactomorphisms starting at IdY is
induced by a contact Hamiltonian (see e.g. [30]). It is clear that the contact Hamiltonian depends on
the choice of contact form.
We say that a (contact) Hamiltonian Gt is indefinite if, for each t ∈ [0, 1], its image is not contained
inside either of the two subsets (−∞, 0), (0,+∞) ⊂ R.
We will need the following basic fact.
Lemma 2.3. A contact isotopy φtα,Ht can be uniquely factorized as
φtα,Ht = φ
t
α,ct ◦ φ
t
α,Gt ,
for the contact Hamiltonians ct, Gt : Y → R given by
ct := (max
Y
Ht +min
Y
Ht)/2,
Gt := Ht ◦ φ
t
α,ct − ct.
In particular, ct is a family of constant functions and φ
t
α,ct = φ
∫ t
0
csds
Rα
, while Gt is indefinite for each
t ∈ [0, 1] and satisfies ‖Gt‖osc = ‖Ht‖osc.
Proof. The claim that Gt is indefinite, as well as the equivalence between the oscillatory norms, is
immediate by construction.
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The equality φtα,Ht = φ
t
α,ct ◦ φ
t
α,Gt
of the two flows can be seen by the standard computation
α
(
d
dt
(φtα,ct ◦ φ
t
α,Gt)
)
=
= α(ctRα(φ
t
α,ct ◦ φ
t
α,Gt)) + α
(
Dφtα,ct
(
d
dt
φtα,Gt
))
= ct + (φ
t
α,ct)
∗α
(
d
dt
(φtα,Gt)
)
= ct +Gt ◦ φ
t
α,Gt
= Ht ◦ (φ
t
α,ct ◦ φ
t
α,Gt),
where the fourth equality follows since (φtα,ct)
∗α = α, and where the last equality holds by the con-
struction of Gt = Ht ◦ φ
t
α,ct − ct. 
2.4. Symplectic cobordisms. Consider a compact exact symplectic manifold (X, dη) with contact
boundary ∂X = Y−⊔Y+, where η restricts to the contact form α± on Y±, and where the Liouville vector
field determined by η is transverse to the boundary, inwards-pointing along Y−, and outwards-pointing
along Y+. We will call this a compact exact symplectic cobordism from (Y−, α−) to (Y+, α+). A
compact exact symplectic cobordism can be completed by adjoining half symplectizations of the form
((−∞, 0] × Y−, d(e
rα−)) and ([0,+∞)× Y+, d(e
rα+)),
given that we use appropriate coordinates near ∂X (see e.g. the standard symplectic neighborhood
theorem in [40]).
Definition 2.4. The exact symplectic manifold (X, dη) together with the choice of embedding X ⊂ X,
is called a (complete) exact symplectic cobordism. The non-compact subsets (−∞, 0] × Y− and
[0,+∞)× Y+ ⊂ X are called its concave and convex cylindrical ends, respectively.
Note that the identifications of these cylindrical ends are part of the data of a complete exact symplectic
cobordism.
Example 2.5. For any two smooth functions f± : Y → R satisfying f−(y) < f+(y), the subset
{(r, y); f−(y) ≤ r ≤ f+(y)} ⊂ (R× Y, d(e
rα))
of the symplectization is a compact exact symplectic cobordism from (Y, ef−α) to (Y, ef+α). Note that
its completion again is symplectomorphic to the symplectization (R× Y, d(erα)), but that the canonical
cylindrical structure provided by this symplectization differs from the ones induced by the data of our
symplectic cobordism.
We will also allow the non-compact case (X, dη) = ([a, b]×P ×R, d(erαstd)) when the contact manifold
is a contactization of a Liouville manifold.
Let (X, dη) be the completion of X ⊂ (X, dη) as above. Observe that (X, dη) equivalently can be
obtained as the completion of the domain
XT−,T+ := [T−, 0)× Y− ⊔ X ⊔ (0, T+]× Y+ ⊂ (X, dη)
with smooth contact boundary, given any choices of T− ≤ 0 ≤ T+. The latter domain is a compact
exact symplectic cobordism from (Y−, e
T−α−) to (Y+, e
T+α+).
2.5. Lagrangian cobordisms and concordances. Here we develop the notion of both a compact
and as well as a complete (typically non-compact) Lagrangian cobordism. First, by a (compact)
Lagrangian cobordism L ⊂ (X, dη) from the Legendrian submanifold Λ− ⊂ (Y−, α−) to Λ
+ ⊂
(Y+, α+) we mean a Lagrangian embedding L →֒ (X, dη) for which the following holds.
• The boundary satisfies ∂L ⊂ Y− ⊔ Y+ = ∂X , where moreover
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– L ∩ Y± = Λ
±, and
– L is invariant under the Liouville flow of η near the boundary,
are satisfied.
• The one-form η|TL has a primitive which is globally constant when restricted to either of
Λ−,Λ+ ⊂ ∂L. (This condition is empty whenever both of Λ± are connected.)
In the above situation we will also say that Λ− ⊂ (Y, α−) is Lagrangian cobordant to Λ
+ ⊂ (Y+, α+).
A Lagrangian cobordism L ⊂ (X, dη) can be completed to a properly embedded Lagrangian L ⊂ (X, dη)
inside the completion of the symplectic cobordism, by adjoining the non-compact cylindrical ends
(−∞, 0]× Λ− ⊂ ((−∞, 0] × Y−, d(e
rα−)),
[0,+∞)× Λ+ ⊂ ([0,+∞) × Y+, d(e
rα+)).
If L is an exact Lagrangian, then so is the resulting submanifold L.
Definition 2.6. An exact Lagrangian submanifold L ⊂ (X, dη) is called a (complete) exact La-
grangian cobordism if there exists T− ≤ 0 ≤ T+ such that L is obtained by completing a compact
exact Lagrangian cobordism L ⊂ (XT−,T+ , dη) from Λ− ⊂ (Y−, e
T−α−) to Λ+ ⊂ (Y+, e
T+α+). The
Legendrian submanifolds Λ± ⊂ (Y±, α±) will be called the ±-ends of L.
Throughout this article, denote [0, 1] by I. In the case when L is diffeomorphic to I × Λ, we call both
L and L a Lagrangian concordance, and we say that Λ− ⊂ (Y, α−) is Lagrangian concordant to
Λ+ ⊂ (Y, α+).
Example 2.7. Inside the symplectic cobordism {f−(y) ≤ r ≤ f+(y)} ⊂ (R × Y, d(e
rα)) from Example
2.5, any Lagrangian cylinder R× Λ intersected with this domain is a Lagrangian concordance.
With the above definition, there is a Lagrangian cobordism from Λ ⊂ (Y, α) to Λ ⊂ (Y, esα) if and
only if s > 0. In fact, this follows from the basic fact that no exact symplectic cobordism from (Y, α)
to (Y, α) exists. (E.g. such a symplectic cobordism can be used to construct a closed exact symplectic
manifold, which cannot exist by Stokes’ theorem). However, by convention, we will also prescribe that
any Legendrian submanifold Λ ⊂ (Y, α) is Lagrangian concordant to itself. It was shown in [12] that a
Legendrian isotopy Λt →֒ (Y, α), i ∈ [0, 1], (i.e. an isotopy through Legendrian submanifolds) induces a
Lagrangian concordance from (Λ0, α) to (Λ1, e
Cα) for some constant C ≥ 0.
2.6. Primitives and action of Hamiltonian chords. Assume that we are given an ordered pair of
exact Lagrangian cobordisms L0, L1 ⊂ (X, η).
In order to define a Hofer-type symplectic energy and a Hofer-type Floer energy for the pseudoholo-
morphic strips in Section 3.2 we will need to specify a one-form on X which is exact when pulled back
to Li, i = 0, 1. First, note that η pulls back to an exact one-form on Li by assumption. It will later
be important to exploit the fact that the one-form ϕη pulls back to an exact one-form also for a large
class of continuous piecewise smooth functions ϕ : X → R>0.
The above energies are important when defining the Floer chain complex for a pair of exact Lagrangian
cobordisms. In Section 3 we introduce the Floer complex in this setting, associated to a pair of
Lagrangian submanifolds together with a compactly supported time-dependent Hamiltonian Gt : X →
R.
We also need to study the so-called Floer “continuation maps,” between Floer complexes, which provide
a morphism from the Floer theory of one set-up to the Floer theory of another. For this reason, we need
to generalize our set-up from Gt, a time-dependent Hamiltonian on (X, dη) as above, to a one-parameter
family
Gs,t : X → R, (s, t) ∈ R× [0, 1],
of compactly supported time-dependent Hamiltonians parametrized by s ∈ R.
AN ENERGY-CAPACITY INEQUALITY FOR LEGENDRIAN SUBMANIFOLDS 13
We are now ready to define the class of functions which will be used for defining the Hofer-type energies
associated to the triple (L0, L1, Gs,t).
Definition 2.8. Let C(L0, L1, Gs,t) denote the class of continuous piecewise smooth functions ϕ : X →
R>0 satisfying the following properties.
(1) ϕ|X is constant;
(2) On the cylindrical ends the function ϕ|X\X depends only on r, and it satisfies
ϕ′(r) + ϕ(r) ≥ 0
wherever it is differentiable (this ensures that d(ϕη) is non-negative on any J-complex two-planes
whenever J is cylindrical);
(3) ϕ′(r) ≡ 0 in some (possibly empty) neighborhood of the (possibly empty) subset{
{r} × Y± (L0 ∪ L1) ∩ ({r} × Y±) ⊂ (Y±, α±)
is not an embedded Legendrian link
}
⊂ X
of the cylindrical ends;
(4) On the concave end we either have ϕ(r) = e−r−rϕ for some rϕ ≥ 0 or ϕ(r) ≡ 1 for all r ≪ 0
sufficiently small, in which case we set rϕ := +∞; and
(5) In the subset
{x ∈ X |Gs,t(x) 6= 0 for some (s, t) ∈ R× [0, 1]}
we have ϕ(r) ≡ 1.
We call such a function ϕ ∈ C(L0, L1, Gs,t) a Hofer function.
Part (3) allows us to have ϕ′ 6= 0 in any subset I × Y± inside which both L0 and L1 are traces of
the Reeb flow applied to a Legendrian submanifold. This will later be used to “stretch the neck” of
the symplectic form in such a region. (See Section 6.) Part (5) above is needed in order to prove
the energy estimates given by Lemmas 3.5 and 3.6. Note that, in particular, the constant function
1 ∈ C(L0, L1, Gs,t) is always contained in the above subset.
The following basic computation will be used multiple times, so we formulate it as a lemma.
Lemma 2.9. Suppose L ⊂ [r0, r1] × Y is a Lagrangian submanifold intersecting each ({r} × Y, α)
r ∈ [r0, r1], transversely in a Legendrian submanifold.
(1) The submanifold L is of the form L = φ1σ(r)([r0, r1] × Λ) for some fixed Legendrian Λ ⊂ (Y, α)
and for some smooth autonomous Hamiltonian σ : [r0, r1] → R with Hamiltonian vector field
Xσ(r) = e
−rσ′(r)Rα.
(2) The one-form ϕ(r)erα pulled back to L has a primitive
f(r) =
∫ r
r0
ϕ(r)er
d
dr
(e−rσ′(r))dr =
∫ r
r0
ϕ(r)(σ′′(r)− σ′(r))dr
on L ⊂ [r0, r1]×Y depending only on the r-coordinate. In particular, if ϕ(r) ≡ 1, then one can
take f(r) = σ′(r)− σ(r) as a primitive.
Proof. (1): The Legendrian condition of the slices implies that erα pulled back to L is of the form
g(r)dr where g(r0) = 0 without loss of generality. It can be seen that Λ := L ∩ ({r0} × Y ), and the
Hamiltonian σ(r) satisfying the ODE σ′(r) − σ(r) = g(r), σ(0) = 0, are as needed. To that end,
we use e.g. the Weinstein Lagrangian neighborhood theorem together with the fact that a graphical
Lagrangian inside the cotangent bundle is determined uniquely by its potential function.
(2): This calculation is straightforward. 
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Lemma 2.10. The continuous and piecewise smooth one-form ϕη for ϕ ∈ C(L0, L1, Gs,t) is exact when
pulled back to Li, i = 0, 1. The primitive on Li is moreover locally constant when restricted to any slice
{r = r0} contained inside the subset
V :=
{
{r} × Y± Li ∩ ({r} × Y±) ⊂ (Y±, α±)
is a Legendrian submanifold
}
⊂ X
of the cylindrical ends. (In regions where Li is cylindrical the pullback of ϕη obviously vanishes.)
Proof. We establish the existence of primitives on each piece Li ∩ V and Li \ V separately, and then
proceed to show that these primitives can be combined to form a globally defined primitive.
The pull-back to Li ∩ V of ϕη is exact by Part (2) of Lemma 2.9 with a primitive of the form g(r)dr.
The assumptions imply that ϕ′(r) ≡ 0 holds inside the level-sets of r contained in X \V . A primitive of
the pull-back of ϕη to Li ∩ (X \V ) can thus be taken to be a locally constant rescaling of the primitive
of the pull-back of η there (the latter primitives exist since Li are assumed to be exact).
It now straightforward to combine the primitives defined in the different regions above to a globally
defined primitive on Li. 
The above lemma implies that a primitive of ϕη pulled back to Li is locally constant outside of a
compact subset. The following lemma shows that it is possible to assume that this constant vanishes
on both of the ends for one of the cobordisms in the pair.
Lemma 2.11. Assume that the primitive of ϕη pulled back to Li which vanishes on the negative end
and takes the value Ci on the positive end, for i = 0, 1. After a Hamiltonian isotopy of the union
L0 ∪ L1 ⊂ (X, dη) of Lagrangian cobordisms supported inside the interior (X \ ∂X, dη), the primitives
on the positive end can be assumed to be given by Ci + C, i = 0, 1, for an arbitrary constant C ∈ R,
while the primitives still vanish on the negative ends.
Proof. The claim follows by considering a suitable Hamiltonian diffeomorphism φ1σ : (X, dη)→ (X, dη),
applied to L0 ∪ L1, where the autonomous Hamiltonian σ has support in some collar neighborhood
((−ǫ, 0]× Y+, d(e
rα+)) of the boundary ∂X ∼= {0} × Y+. Moreover, we may require that
• σ = σ(r) only depends on the symplectisation coordinate,
• σ′(r) = 0 holds in some neighborhood of the boundary.
Note that the computation in Part (2) of Lemma 2.9 shows that C = σ′(0)− σ(0) = −σ(0).

Fix s = s0. A Hamiltonian chord p of φ
t
Gs0,t
from L0 to L1 is a path
([0, 1], {0}, {1}) → (X,L0, L1),
t 7→ φtGs0,t(x),
with starting point given by x ∈ L0 and endpoint given by φ
1
Gs0,t
(x) ∈ L1. Observe that intersections
L0 ∩ L1 are Hamiltonian chords from L0 to L1 for a constant Hamiltonian flow.
Take primitives fi : Li → R and f
ϕ
i : Li → R of η and ϕη pulled back to Li, respectively, uniquely
determined by the requirement that they vanish for all r ≪ 0 sufficiently small on the concave end.
To a Hamiltonian chord p of Gs0,t starting on x ∈ L0 and ending on φ
1
Gs0,t
(x) ∈ L1, we associate its
so-called action defined by
aϕ(p) := f
ϕ
0 (x)− f
ϕ
1 (φ
1
Gs0,t
(x)) +
∫ 1
0
(η(φ˙tGs0,t(x))−Gs0,t(φ
t
Gs0,t
(x)))dt.(2.12)
Remark 2.13. The following two claims are straightforward.
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(1) In the case when Gs0,t ≡ 0, and hence p(t) ≡ x ∈ L0 ∩L1 is an intersection point, these actions
specialize to the potential differences
aϕ(p) := f
ϕ
0 (x)− f
ϕ
1 (x)
at the intersection. When ϕ ≡ 1 we also write
a(p) := a1(p)
for the induced action.
(2) If p ∈ L0 ∩L1 is an intersection point contained outside of the support of Gs0,t for all t ∈ [0, 1],
then it can be considered either as a 0-Hamiltonian or a Gs0,t-Hamiltonian chord. We claim
that, for any fixed choice of
ϕ ∈ C(L0, L1, Gs,t) ⊂ C(L0, L1, 0),
the action of this intersection point obtained in the two different cases coincide.
3. The Floer homology for a pair of Lagrangian cobordisms
In this section we introduce the Floer chain complex whose differential is defined with a Hamiltonian
perturbation term, and the so-called continuation chain map between such Floer chain complexes
needed for proving invariance. Floer homology was originally introduced by Floer in [25] for a pair
of compact Lagrangian submanifolds, and has since then seen a lot of development. We refer to [43]
and [44] for a thorough and modern treatment, including the incorporation of the Hamiltonian term
in Section 14. In this section we describe a version of Floer homology in the present context, i.e. for a
pair of non-compact exact Lagrangian cobordisms inside a symplectic cobordism with a concave end.
We also refer to [13] for a previous construction of Floer homology in a similar setting.
In the following we let L0, L1 ⊂ (X, dη) be complete exact Lagrangian cobordisms of a complete exact
symplectic cobordism. We denote by Λ±i ⊂ (Y±, α±), i = 0, 1, the Legendrian submanifolds being the
±-ends of Li. We also fix a choice of a one-parameter family Gs,t : X → R of compactly supported and
time-dependent Hamiltonians. The most general case we consider, when defining continuation maps
between Floer complexes, is
(3.1) Gs,t = ρ(s)Gt,where ρ(s) : R→ [0, 1] and supp(ρ
′) is compact.
We can thus write G+,t and G−,t to denote the Hamiltonian Gs0,t with s0 ≫ 0 and s0 ≪ 0, respectively.
3.1. Admissible almost complex structures. An (s, t)-dependent almost complex structure J =
Js,t, (s, t) ∈ R × [0, 1] on a symplectic manifold (X,ω), i.e. a smooth one-parameter family of time-
dependent almost complex structures parametrised by s ∈ R, is said to be tamed by ω if ω(v, Jv) > 0
holds whenever v 6= 0. We assume that for all families Js,t there exists some K ≥ 0 such that
(3.2) Js,t = J±,t if ± s ≥ K,
for the tame t-dependent almost complex structures J±,t. An almost complex structure J on a sym-
plectization
(R× Y, d(erα))
is said to be cylindrical if
• J∂r = Rα,
• Jξ = ξ, where ξ := kerα ⊂ TY, and J |ξ is tamed by dα, and
• J is invariant under translations of the coordinate r.
It automatically follows that a cylindrical almost complex structure is tame.
Consider a choice of function ϕ : X → R, ϕ ∈ C(L0, L1, Gs,t), as defined in Section 2.6. We call a tame
almost complex structure on (X, dη) admissible with respect to ϕ if it coincides with a cylindrical
almost complex structure in each component of
{r; ϕ′(r) 6= 0} ⊂ X \X
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in the cylindrical ends. The space of admissible almost complex structures will be denoted by
J (X, dη, ϕ).
Observe that this is a non-empty and contractible space by [32].
In the next section we will see that an almost complex structure which is admissible with respect to ϕ
satisfies the property that d(ϕη) is non-negative on the corresponding complex tangent planes. Loosely
speaking, this means that the piecewise smooth two-form d(ϕη) behaves like a symplectic form when
using it to define the energy of a pseudoholomorphic curve.
3.2. Moduli spaces of pseudoholomorphic strips and their energy estimates. We define here
the pseudoholomorphic curves which we will need in the next subsection for our maps (differentials and
chain maps). We also define and relate a number of different energies of these curves expressed in terms
of the actions introduced in Section 2.6. All definitions and results here are standard, with only one
minor variation: the energies are induced by the two-form d(ϕη) which is not necessarily a symplectic
form everywhere.
Let p±(t) be G±,t-Hamiltonian chords from L0 to L1. (Recall in the case when G±,t ≡ 0 these are
intersection points L0 ∩ L1.) Define the moduli-space of pseudoholomorphic strips
Mp+,p−(L0, L1;Gs,t)
to be the set of smooth maps u : R× [0, 1]→ X satisfying
(3.3)
{
u(s, 0) ∈ L0, u(s, 1) ∈ L1, lims→±∞ u(s, t) = p±(t),
∂su(s, t) + Js,t(∂tu(s, t)−XGs,t(u(s, t))) = 0,
where the above limits are uniform in t. This last condition we state as: u satisfies the Cauchy-Riemann
equation with a Hamiltonian perturbation term. However, for short these solutions will often be referred
to simply as pseudoholomorphic strips. The chord p− will be called the input while p+ will be
called the output.
The Floer energy of a strip is the quantity
Ed(ϕη),Js,t(u) :=
∫ ∞
−∞
∫ 1
0
d(ϕη)(∂su(s, t), Js,t∂su(s, t)) dt ds ≥ 0.
This quantity is a priori non-negative on any strip, since d(ϕη) is non-negative on any Js,t-complex
tangency. Here it is crucial that Js,t is cylindrical wherever ϕ
′(r) 6= 0, and that ϕ(r) + ϕ′(r) ≥ 0; see
Definition 2.8 and Section 3.1.
We define the d(ϕη)-energy to be given by
Ed(ϕη)(u) :=
∫
u
d(ϕη).
Stokes’ theorem together with the exactness of Li, i = 0, 1, implies that this quantity only depends on
the asymptotics of the strip; more precisely, we have
(3.4) Ed(ϕη)(u) = aϕ(p+)− aϕ(p−) +
∫ 1
0
G+,t(p+(t))dt−
∫ 1
0
G−,t(p−(t))dt.
Note that ϕ only is piecewise smooth, but that Stokes’ theorem still applies since ϕ is continuous.
The obvious generalizations of the above formulas also enable us to consider the different energies in
the case when the map u only is defined on a subset of the strip R× [0, 1].
In the case when Gs,t ≡ Gt only depends on the t-coordinate we have the following precise expressions
for the Floer energy which is standard; see e.g. [44, Section 12.3].
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Lemma 3.5. Consider ϕ ∈ C(L0, L1, Gt) and Js,t ∈ J (X, dη, ϕ), and a strip u ∈ Mp+,p−(L0, L1;Gt).
The energy can be expressed as
Ed(ϕη),Js,t(u) = aϕ(p+)− aϕ(p−) ≥ 0,
with equality if and only if u is contained in a single Hamiltonian chord.
Proof. Since u satisfies the Cauchy-Riemann equation with Hamiltonian perturbation term, we compute
Ed(ϕη),Js,t(u) =
=
∫
u
d(ϕη) +
∫ +∞
−∞
∫ 1
0
d(ϕη)(∂su(s, t),−XGt(u(s, t)))dt ds
=
∫
u
d(ϕη) −
∫ 1
0
∫ +∞
−∞
∂sGt(u(s, t))ds dt,
where we have used the property ϕ ∈ C(L0, L1, Gt) in order to infer that
d(ϕη)(·,−XGt (u(s, t))) = dη(·,−XGt(u(s, t))) = −du(s,t)Gt(·)
is satisfied.
The expressions of the energies in terms of the actions now follow by elementary applications of Stokes’
theorem together with Equality (3.4).
The assumptions on ϕ and Js,t imply that the energies are non-negative; here we have used the assump-
tion that d(ϕη) is non-negative on any Js,t-complex line. Since, moreover, d(ϕη) = Cdη is a symplectic
form near the Hamiltonian chords by the assumption ϕ ∈ C(L0, L1, Gt), it follows that a non-trivial
pseudoholomorphic strip in fact must have positive energy. 
The following lemma gives an action estimate in the case when the familyGs,t of Hamiltonians is allowed
to depend on s ∈ R in a very controlled way. These estimates are straightforward adaptations of the
estimates in [44, Section 14.4] to the current setting. Take Gs,t = ρ(s)Gt for some smooth ρ : R→ [0, 1],
and let p+, p− denote a Hamiltonian chord of G+,t and G−,t, respectively. Moreover, we assume that
ρ′(s) has compact support and satisfies the property that each of the integrals
∫
(ρ′)−1([0,+∞)) ρ
′(s)ds
and
∫
(ρ′)−1((−∞,0]) ρ
′(s)ds are equal to either 0 or ±1. Again, we take ϕ ∈ C(L0, L1, Gs,t) and Js,t ∈
J (X, dη, ϕ).
Consider a strip u ∈ Mp+,p−(L0, L1;Gs,t) together with a (possibly empty) open subset U ⊂ R× [0, 1]
satisfying the conditions that:
(C.1) The subset U is disjoint from [T,+∞)× [0, 1] for some number T ≫ 0;
(C.2) There is a number a−ϕ ∈ R determined as follows: we either require U to be precompact, in
which case we set
a−ϕ := aϕ(p−),
or that it contains a subset of the form (−∞, T ]× [0, 1] for some T ≪ 0, in which case we set
a−ϕ := aϕ(p−) +
∫ 1
0
G−,t(p−(t))dt;
(C.3) Gs,t ◦ u vanishes in some neighborhood of U \U ⊂ R× [0, 1], where we note that this subset is
compact by the previous assumptions.
Lemma 3.6. Let the strip u ∈ Mp+,p−(L0, L1;Gs,t) be a solution of the perturbed Cauchy-Riemann
equation (3.3) and consider a (possibly empty) subset U ⊂ R × [0, 1], where both Gs,t = ρ(s)Gt and U
are assumed to satisfy the properties above.
(0) If ρ(s) ≡ 1 or ρ(s) ≡ 0 then
0 ≤ Ed(ϕη),Js,t(u|R×[0,1]\U ) ≤ aϕ(p+)− a
−
ϕ − Ed(ϕη)(u|U );
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(1) If ρ(s) is non-constant and ρ(s) = 0 (resp. ρ(s) = 1) whenever |s| ≫ 0 is sufficiently large,
i.e. G−,t ≡ G+,t ≡ 0 (resp. G−,t ≡ G+,t ≡ Gt) then
0 ≤ Ed(ϕη),Js,t(u|R×[0,1]\U ) ≤ aϕ(p+)− a
−
ϕ − Ed(ϕη)(u|U ) + ‖Gt‖osc;
(2) If ρ(s) = 0 for s≪ 0, ρ(s) = 1 for s≫ 0, and ρ′(s) ≥ 0, then
0 ≤ Ed(ϕη),Js,t(u|R×[0,1]\U ) ≤ aϕ(p+)− aϕ(p−)− Ed(ϕη)(u|U ) +
∫ 1
0
max
X
Gtdt;
(3) If ρ(s) = 1 for s≪ 0, ρ(s) = 0 for s≫ 0, and ρ′(s) ≤ 0, then
0 ≤ Ed(ϕη),Js,t(u|R×[0,1]\U ) ≤ aϕ(p+)− a
−
ϕ − Ed(ϕη)(u|U )−
∫ 1
0
min
X
Gtdt;
Remark 3.7. The reason for why we need the energy estimates for the complicated domains in Lemma
3.6 is that we have not established the full symplectic field theory (SFT for short) type compactness
result for Floer strips with a Hamiltonian perturbation term as considered here. Ideally, it should be
possible to obtain a compactness result which, given that a sequence of strips eventually leaves every
compact subset of the target space, extracts a limit “building”. These buildings are supposed to consist
of several levels of curves, defined with or without Hamiltonian perturbation terms, having punctures
(in the interior as well as on the boundary) asymptotic to Reeb chords and orbits. In contrast, here we
only establish Corollary 4.9 which, roughly speaking, exhibits the behavior of such a strip just prior to
the moment when a breaking of SFT type occurs.
Proof. Similar to the proof of Lemma 3.5 we compute
Ed(ϕη),Js,t(u|R×[0,1]\U ) =
= Ed(ϕη)(u|R×[0,1])− Ed(ϕη)(u|U ) +
+
∫
u|R×[0,1]\U
ρ(s)d(ϕη)(∂su(s, t),−XGt(u(s, t)))dt ds.
Using the assumption that Gt ◦u vanishes in a neighborhood of the boundary of U , the latter term can
be computed to be equal to ∫ +∞
−∞
∫ 1
0
χ(s, t)ρ(s)d(ϕη)(∂su(s, t),−XGt(u(s, t)))dt ds =
= −
∫ 1
0
∫ +∞
−∞
χ(s, t)ρ(s)∂sGt(u(s, t))ds dt
= −
∫ 1
0
[ρ(s)χ(s, t)Gt(u(s, t))]
+∞
s=−∞ dt+
+
∫ 1
0
∫ +∞
−∞
χ(s, t)ρ′(s)Gt(u(s, t))ds dt +
+
∫ 1
0
∫ +∞
−∞
ρ(s)Gt(u(s, t))∂sχ(s, t)ds dt
for some smooth bump function χ : R×[0, 1]→ [0, 1] that is equal to one when restricted to R×[0, 1]\U,
and which vanishes on supp(Gt◦u)∩U. Here we use the fact that there exists disjoint open neighborhoods
of R× [0, 1] \ U and suppGt(u(s, t)) ∩ U ; this is a consequence of the assumptions made on U.
In particular, since ∂sχ(s, t) vanishes in the subset supp(Gt ◦ u) ∩ U, we conclude the vanishing∫ 1
0
∫ +∞
−∞
ρ(s)Gt(u(s, t))∂sχ(s, t)ds dt = 0
of the last term in the above expression. Also, note that χ(s, t) ≡ 1 for s≫ 0 by construction.
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Finally, we use the fact that
max
R×[0,1]
χ(s, t)Gt(u(s, t)) ≤ max
R×[0,1]
Gt(u(s, t)),
min
R×[0,1]
χ(s, t)Gt(u(s, t)) ≥ min
R×[0,1]
Gt(u(s, t)).
In combination with the expression of Ed(ϕη)(u|R×[0,1]) given in Equality (3.4), all estimates can now
be seen to follow. 
3.3. The boundary map and chain maps. We are now ready to define the Floer complexes along
with their boundary maps, as well as continuation maps between them. Assume that we are given exact
Lagrangian cobordisms L0, L1 ⊂ (X, dη) that are disjoint outside of a compact subset. Furthermore,
we consider a compactly supported Hamiltonian diffeomorphism φ1Gt : (X,ω) → (X,ω) for which the
intersection φ1Gt(L0) ⋔ L1 is transverse.
For any fixed component p ∈ π0(Π(X;L0, L1)) of the space of paths from L0 and L1 in X, we define
the graded and finite-dimensional vector space
CF p∗ (L0, L1;Gt) := Z2
〈
p(t) p(t) = φtGt(x), t ∈ [0, 1],
p(0) ∈ L0, p(1) ∈ L1, [p(t)] ∈ p,
〉
spanned by chords of φtGt from L0 to L1 in class p. Up to a global shift, this grading is well-defined
modulo the greatest common divisor of the Maslov numbers of the two cobordisms; we refer to [26] for
more details. For our purposes the grading will not play any role.
Given two numbers m− ≤ m+ we also define
CF p∗ (L0, L1;Gt;ϕ)
m+
m− := Z2
〈 p(t) = φtGt(x), t ∈ [0, 1],
p(t) p(0) ∈ L0, p(1) ∈ L1, [p(t)] ∈ p,
m− ≤ aϕ(p(t)) < m+,
〉
which is a vector subspace of CF p∗ (L0, L1;Gt). It is important to observe that this subspace depends
on the choice of function ϕ : X → R used when defining the action. When the function ϕ is clear from
the context, we will sometimes use the notation
CF p∗ (L0, L1;Gt)
m+
m− = CF
p
∗ (L0, L1;Gt;ϕ)
m+
m− ,
omitting this choice.
Under certain additional assumptions deferred to Section 3.5 below, we can define the following linear
maps.
The differential: This is a linear map
d : CF p∗ (L0, L1;Gt)→ CF
p
∗−1(L0, L1;Gt)
that on a generator q is defined via the Z2-count
d(q) :=
∑
dim(Mp,q(L0,L1;J,Gt)/R)=0
#2 (Mp,q(L0, L1;Gt)/R) p.
Here we have used a fixed almost complex structure J = Jt only depending on the t-coordinate, and
Mp,q(L0, L1;Gt)/R denotes the solutions up to the action of translation of the s-coordinate (this action
obviously preserves the solutions). Using Lemma 3.5 we see that 〈d(q), p〉 6= 0 being nonzero implies that
aϕ(p) > aϕ(q). In other words, our differential increases the action. This means that the differential
descends to a differential
dm+ : CF p∗ (L0, L1;Gt)
m+
m− → CF
p
∗−1(L0, L1;Gt)
m+
m−
in the following manner: consider the differential dm+ induced on the quotient space
CF p∗ (L0, L1;Gt)
m+
−∞ = CF
p
∗ (L0, L1;Gt)/CF
p
∗ (L0, L1;Gt)
+∞
m+
and then take its restriction to the subspace
CF p∗ (L0, L1;Gt)
m+
m− ⊂ CF
p
∗ (L0, L1;Gt)
m+
−∞ = CF
p
∗ (L0, L1;Gt)/CF
p
∗ (L0, L1;Gt)
+∞
m+ .
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The continuation maps: Given a one-parameter family of Hamiltonians Gs,t of the form prescribed
by Lemma 3.6, the induced continuation map
ΦG−,t,G+,t : CF∗(L0, L1;G−,t)→ CF∗(L0, L1;G+,t)
is defined on a generator p− of CF∗(L0, L1;G−,t) via the Z2-count
ΦG−,t,G+,t(p−) :=
∑
dimMp+,p−(L0,L1;Gs,t)=0
#2
(
Mp+,p−(L0, L1;Gs,t)
)
p+.
Lemma 3.6 above determines its behavior with respect to the action filtration. Observe that a contin-
uation map does not necessarily increase the action.
The following is the transversality result that we need in order to define the above counts, which is
standard. The compactness properties will be dealt with in Section 3.5.
Proposition 3.8. For generic Js,t ∈ J (X, dη, ϕ) satisfying (3.2) the moduli spaces⋃
κ∈R
Mp+,p−(L0, L1; ρκ(s)Gt),
where ρκ(s) depends smoothly on κ ∈ R and where ρ
′
κ(s) ≡ 0 outside of a compact subset (allowed to
depend on κ), are all transversely cut out. Moreover, the same is true for the moduli spaces
Mp+,p−(L0, L1;Gt)
for generic choices of Jt ∈ J (X, dη, ϕ) only depending on t ∈ [0, 1].
Furthermore, transversality can be achieved by a perturbation of Jt supported in some arbitrarily small
precompact neighborhood of the Hamiltonian chords.
Proof. See e.g. [44, Proposition 15.5] for the t-dependence case, but also [8, Section 8.6] for the analogous
result in the closed case (which is similar).
The only note to make is that our almost complex structure must remain admissible after the per-
turbation (see Section 3.1). To achieve this, note that in Definition 2.8 we can consider arbitrary
time-dependent perturbations of the tame almost complex structure in some neighborhood of the
Hamiltonian chords; clearly the strip must enter this neighborhood by the assumption made on its
asymptotics.
Finally, observe that the case when J depends on both (s, t) as opposed to just t is considerably
easier, since the “some-arc-injective” (weaker than “somewhere-injective” which is used when J domain-
independent) condition is not needed.

3.4. A condition for non-bubbling. A main technical point of this paper establishes conditions for
when
(
CF p∗ (L0, L1;J,Gt)
m+
m− , ∂
)
is a complex and when the continuation map ΦG−,t,G+,t is well-defined.
To this end, Theorem 3.11 below is the only new ingredient needed in our Floer theory set-up, which
gives a condition for when strips are confined to some given compact subset.
In this section we will consider a fixed Hofer function ϕ ∈ C(L0, L1, Gt) for action computations,
together with an associated constant 0 ≤ rϕ ≤ +∞. Let the set Q
p
α− consist of all contractible periodic
(α−)-Reeb orbits and all (α−)-Reeb chords having
• both ends on Λ−0 , while defining the trivial element in π1(Y−,Λ
−
0 ),
• both ends on Λ−1 , while defining the trivial element in π1(Y−,Λ
−
1 ), or
• starting point on Λ−0 and endpoint on Λ
−
1 , living in the component p ∈ π0(Π(X,L0, L1)).
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We define the quantity
(3.9) ~(ϕ, p,Λ−0 ,Λ
−
1 , α−) := e
−rϕ minc∈Qpα−
∫
c α− > 0,
which for short will be referred to simply as ~.
Remark 3.10. The above definition of ~ does not take the length of any Reeb chord starting at Λ−1 and
ending at Λ−0 into account. This is important, since in the application that we have in mind, there will
be very small such Reeb chords; see the push-off of the Lagrangian cobordism considered in the proof of
Theorem 1.3 in Section 8.
In the subsequent Section 4 we prove the following:
Theorem 3.11 (Non-bubbling for strips). Fix an admissible function ϕ, a compact family of admissible
almost complex structures J ∈ J (X, dη, ϕ) as well as exact Lagrangian submanifolds Li, and a family
Gs,t = ρ(s)Gt of Hamiltonians. Both the families J and Li are required to be fixed outside of some
precompact subset as in Proposition 3.8. Then there is a compact subset K ⊂ X containing all J-
holomorphic strips u ∈ Mp+,p−(L0, L1;Gs,t) of either of the following types, under the assumption that
p± ∈ p.
(0) In the case when ρ ≡ 1 or ρ ≡ 0 we require
max{aϕ(p+)− aϕ(p−)− ~, aϕ(p+)− ~} < 0;
(1) In the case when ρ is non-constant and ρ(s) = 0 (resp. ρ(s) = 1) whenever |s| ≫ 0 is sufficiently
large, i.e. G−,t ≡ G+,t ≡ 0 (resp. G−,t ≡ G+,t ≡ Gt), we require
max{aϕ(p+)− aϕ(p−)− ~, aϕ(p+)− ~} < −‖Gt‖osc;
(2) In the case when ρ(s) = 0 for s≪ 0, ρ(s) = 1 for s≫ 0, and ρ′(s) ≥ 0, we require
max{aϕ(p+)− aϕ(p−)− ~, aϕ(p+)− ~} < −
∫ 1
0
max
X
Gtdt;
and
(3) In the case when ρ(s) = 1 for s≪ 0, ρ(s) = 0 for s≫ 0, and ρ′(s) ≤ 0, we require
max{aϕ(p+)− aϕ(p−)− ~, aϕ(p+)− ~} <
∫ 1
0
min
X
Gtdt.
3.5. Well-definedness and invariance. We proceed to apply Theorem 3.11 in order to define our
Floer complexes, and to show the needed invariance properties.
Using the above non-bubbling theorem we obtain a condition for when the differential of the Floer
complex is well-defined. Namely, once the strips have been shown to be confined to a given compact
subset, the remaining argument is standard.
Proposition 3.12 (Conditions for a well-defined complex). Under the assumption that
max{m+ −m− − ~,m+ − ~} < 0
is satisfied with ~ and ϕ as specified above, the map
dm+ : CF p∗ (L0, L1;Gt;ϕ)
m+
m− → CF
p
∗−1(L0, L1;Gt;ϕ)
m+
m−
is well-defined and satisfies (dm+)2 = 0 for any generic Jt ∈ J (L0, L1, ϕ).
Proof. All moduli spaces of strips involved in the definition of dm+ , as well as the glued strips involved
in the definition of (dm+)2, satisfy the energy bounds in Case (0) of the non-bubbling Theorem 3.11.
In view of this result, the relation (dm+)2 = 0 now follows as in [44, Sections 19.2, 19.5] by a gluing
argument, taking the one-dimensional moduli spaces into account. 
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We only establish a limited form of invariance for our Floer complexes with action filtration that will
be sufficient for our needs. We work under assumptions for which the above non-bubbling result is
satisfied for the relevant strips, and the rest of the argument is then again classical.
Proposition 3.13 (Filtered invariance). Let ~ and ϕ be as specified above. Assume that we are given
numbers satisfying
(3.14) m− +max
{∫ 1
0
max
X
Gtdt, 0
}
≤ m′− ≤ m
′
+ ≤ m+,
and that there is an equality
CF p∗ (L0, L1; 0;ϕ) = CF
p
∗ (L0, L1; 0;ϕ)
m′+
m′−
,
i.e. all generators have action contained in the range [m′−,m
′
+). Under the additional assumptions that
max{m+ −m− − ~,m+ − ~} < 0,(3.15)
max{m′+ −m
′
− − ~,m
′
+ − ~} < −‖Gt‖osc,(3.16)
max{m+ −m
′
− − ~,m+ − ~} < −
∫ 1
0
max
X
Gtdt,(3.17)
max{m′+ −m− − ~,m
′
+ − ~} <
∫ 1
0
min
X
Gtdt,(3.18)
are satisfied, there are continuation maps
Φ0,Gt : CF
p
∗ (L0, L1; 0;ϕ) → CF
p
∗ (L0, L1;Gt;ϕ)
m+
m− ,
ΦGt,0 : CF
p
∗ (L0, L1;Gt;ϕ)
m+
m− → CF
p
∗ (L0, L1; 0;ϕ),
which are chain maps whose composition admits a chain homotopy
ΦGt,0 ◦ Φ0,Gt ∼ IdCF p∗ (L0,L1;0)
making ΦGt,0 a left-sided homotopy inverse of Φ0,Gt .
Proof. The well-definedness of the complexes is implied by Proposition 3.12 above, which shows that
the non-bubbling result Theorem 3.11 applies to the Floer strips defining the boundary operators as
well as its squares. We need to show that the moduli spaces of strips involved in the chain maps and
chain homotopies, as well as the different glued strips appearing in the algebraic relations, all satisfy
the corresponding hypotheses of Theorem 3.11. In other words, we need to consider the moduli spaces
arising in the definitions of the operations
• Φ0,Gt , Φ0,Gt ◦ ∂, ∂ ◦ Φ0,Gt,
• ΦGt,0, ΦGt,0 ◦ ∂, ∂ ◦ ΦGt,0,
• K0,Gt,0, ΦGt,0 ◦Φ0,Gt , K0,Gt,0 ◦ ∂, ∂ ◦K0,Gt,0.
Here K0,Gt,0 is the chain homotopy defined by counting rigid Floer strips with a Hamiltonian pertur-
bation term ρκ(s)Gt for an appropriate one-parameter family of compactly supported functions ρκ(s);
see e.g. [44, Chapter 19.4] for more details.
These operations are all solutions of Cauchy-Riemann equations with a perturbation term coming from
a family of Hamiltonians of the form Gs,t := ρ(s)Gt. Here, 0 ≤ ρ(s) ≤ 1 satisfies the assumptions of
Lemma 3.6. To show these solution strips satisfy the conditions of Theorem 3.11, we use the assumption
that Inequalities (3.14) and (3.15) are satisfied (for the condition in Case (0)), together with (3.16) (for
Case (1)), (3.17) (for Case (2)), and (3.18) (for Case (3)).
Since we thus have established that the strips needed to define the above maps are contained in some
fixed compact subset, the rest of the argument is standard. We refer to [44, Sections 19.3, 19.5] for the
compactness and gluing argument needed for obtaining the sought algebraic relations satisfied by these
maps. Verifying these relations consists of analyzing the boundary of one-dimensional moduli spaces
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of strips. Here we note that only generators in the specified action ranges are involved in the broken
strips arising as boundary points of the relevant one-dimensional moduli spaces. Here it is crucial to
use the facts that
• by Lemma 3.5 the differential cannot decrease action, while,
• by Case (2) of Lemma 3.6 (with U = ∅) the chain map Φ0,Gt can decrease action by at most
max
{∫ 1
0 maxX Gtdt, 0
}
,
in combination with Inequalities (3.14) together with the assumption that all the generators of the
complex CF p∗ (L0, L1; 0;ϕ) = CF
p
∗ (L0, L1; 0;ϕ)
m′+
m′−
have action in the range [m′−,m
′
+) by assumption.

As a direct application of Lemma 3.6, the chain map in the above proposition can be shown to satisfy
the following behavior with respect to the action filtration.
Proposition 3.19 (Filtration properties). Assume that the hypotheses of Proposition 3.13 are satisfied
for some choice of ϕ ∈ C(L0, L1, Gt). Then, for an arbitrary, and possibly different, choice of ϕ˜ ∈
C(L0, L1, Gt), the following can be said:
(1) If 〈Φ0,Gt(p−), p+〉 6= 0 holds for generators
p− ∈ CF
p
∗ (L0, L1; 0;ϕ) = CF
p
∗ (L0, L1; 0;ϕ)
m′+
m′−
and p+ ∈ CF
p
∗ (L0, L1;Gt;ϕ)
m+
m− ,
then
aϕ˜(p+) > aϕ˜(p−)−
∫ 1
0
max
X
Gtdt
is satisfied.
(2) If 〈ΦGt,0(q−), q+〉 6= 0 holds for generators
q− ∈ CF
p
∗ (L0, L1;Gt;ϕ)
m+
m− and q+ ∈ CF
p
∗ (L0, L1; 0;ϕ) = CF
p
∗ (L0, L1; 0;ϕ)
m′+
m′−
then
aϕ˜(q+) > aϕ˜(q−) +
∫ 1
0
min
X
Gtdt
is satisfied.
Consider a vector subspace
Cλ∗ ⊂ CF
p
∗ (L0, L
λ
1 ;Gt;ϕ)
spanned by generators which all are intersection points contained in the complement of the support
of the Hamiltonian isotopy Lλ1 , λ ∈ [0, 1]. Note that these intersection points are transverse for all λ
and, hence, Cλ∗ are all canonically isomorphic as vector spaces. Consider a compactly supported family
Jλt , λ ∈ [0, 1], of admissible t-dependent almost complex structures. Assume that any two generators
p, q ∈ Cλ∗ satisfy
max{aϕ(p)− aϕ(q)− ~, aϕ(p)− ~} < 0.
Then, by Case (0) of Theorem 3.11, any Floer strip u ∈ Mp,q(L0, L
λ
1 ;Gt) is contained inside a fixed
compact subset K ⊂ X.
Proposition 3.20. (Invariance via bifurcation analysis)
In the above setting, under the additional assumption that there exists no Floer strip u ∈ Mp,x(L0, L
λ
1 ;Gt)
whose input is a generator p ∈ Cλ∗ and output some generator x ∈ CF
p
∗ (L0, L
λ
1 ;Gt;ϕ) \ C
λ
∗ for any
t ∈ [0, 1] then:
(1) Each of Ci∗, i = 0, 1, is a well-defined Floer subcomplex when J
i
t is a generic admissible almost
complex structure; and
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(2) The subcomplexes C0∗ and C
1
∗ are chain homotopy equivalent.
Proof. (1): This is a direct consequence of Proposition 3.12.
(2): Floer’s original sketch of invariance of Lagrangian Floer theory under Hamiltonian isotopies used
bifurcation analysis: as the geometric data changes, the Floer complex changes by stabilizations (births
and deaths of pairs of Lagrangian intersections) and handle-slides (the presence of isolated index −1
pseudoholomorphic strips in one-parameter families of such) [25]. This sketch was made rigorous in
[51] for Lagrangian Floer theory, as well as in [39] for Hamiltonian Floer theory.
By assumption, there are neither births nor deaths occurring in our family. Moreover, all relevant (−1)-
strips involved in the definition of the handle-slide maps are all contained in a fixed compact subset.
Together with the assumption on the non-existence of the prescribed strips, the compactness and gluing
arguments from [51] again show that the induced algebraic handle-slide maps are well-defined chain
isomorphisms of the complexes Cλ∗ . 
The typical situation when the above proposition can be applied is when an energy computation (pos-
sibly using an action aϕ˜ defined with a different ϕ˜) prevents the existence of the unwanted Floer strips.
3.6. Naturality. It will be useful to switch perspectives between Floer complexes defined in terms
of intersection points of Lagrangian submanifolds (e.g. for the neck stretching construction in Section
6.1) and in terms of Hamiltonian chords (e.g. for defining continuation maps). The following naturality
property provides a translation between these two definitions.
Note that if Lλ0 is an exact Lagrangian isotopy, the components π0(Π(X;L
λ
0 , L1)) are canonically iden-
tified as λ varies. For instance, one can consider the naturally constructed lifts of the paths to the
contactization (X × R, dz + η), such that the endpoints of the paths lie on the Legendrian lifts of Lλ0
and L1. Choosing the z–coordinate of the former to be sufficiently large compared to the one of the
latter, these Legendrian lifts stay disjoint during the entire lifted isotopy.
Lemma 3.21. Let L0, L1 ⊂ (X, dη) be exact Lagrangian cobordisms, fix a function ϕ as in Section
2.6, and let Gt : X → R be a Hamiltonian. Fix a time-dependent tame almost complex structure Jt
on (X, dη). Using action conventions in the same section, there is a canonical action-preserving chain
complex isomorphism
CF∗(φ
1
Gt(L0), L1; 0) ≃ CF∗(L0, L1;Gt),
where the former complex is defined using Jt and the latter complex is defined using
J˜t := D(φ
1
Gt ◦ (φ
t
Gt)
−1)−1 ◦ Jt ◦D(φ
1
Gt ◦ (φ
t
Gt)
−1),
and where an intersection point p ∈ φ1Gt(L0) ∩ L1 is identified with the Hamiltonian chord t 7→
φtGt((φ
1
Gt
)−1(p)) from (φ1Gt)
−1(p) ∈ L0 to p ∈ L1.
When φtGt has compact support, this isomorphism moreover preserves homotopy classes of paths under
the previously mentioned canonical identification π0(Π(X;φ
1
Gt
(L0), L1)) ∼= π0(Π(X;L0, L1)).
Proof. For the differential is suffices to check that the pseudoholomorphic strips u(s, t) in the definition
of the differential of CF∗(φ
1
Gt
(L0), L1; 0), i.e. satisfying the Cauchy–Riemann equation
du(∂s) + Jtdu(∂t) = 0,
correspond bijectively to the solutions u˜(s, t) := (φ1Gt ◦ (φ
t
Gt
)−1)−1 ◦ u(s, t) of
du˜(∂s) + J˜t(du˜(∂t)−XGt(u˜(s, t))) = 0,
i.e. the Floer strips in the definition of the differential of CF∗(L0, L1;Gt).
The fact that the two definitions of action coincide follows from Cartan’s formula. Namely, the differ-
ential of (φtGt)
∗η with respect to the variable t is given by
(φtGt)
∗(dιXGt η + ιXGtdη) = d(φ
t
Gt)
∗(ιXGtη −Gt).
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Hence, the primitive of η pulled back to φ1Gt(L0) can be obtained from the primitive of η pulled back
to L0 after adding an integral of (φ
t
Gt
)∗(ιXGtη − Gt). This shows that the different versions of the
action defined for the intersection points and the corresponding Hamiltonian chords actually coincide;
roughly speaking, the latter integral provides the additional terms in the definition of the action for
the Hamiltonian chords. 
3.7. A note about the non-compact case. There are also interesting cases where the contact
manifold is non-compact. We restrict attention to the following situation. Suppose that (P, dθ) is a
Liouville manifold, i.e. a complete exact symplectic null-cobordism with a convex but no concave end.
We will consider contact manifolds of the form Y = P × R or Y = P × S1. The canonical canonical
contact form on the latter is given by αstd := dz + θ, where z is either a coordinate on the R-factor or
the angular coordinate on the S1-factor. Note that the canonical contact form on (J1M,dz + θM ) on
the one-jet space of a smooth manifold M is of the former type, where θM is the tautological one-form
on the cotangent bundle T ∗M.
In this setting we only consider contact forms α that coincide with αstd outside of a compact subset.
Moreover, the symplectic cobordisms that we allow will all be required to be of the form
(X, dη) = ({f ≤ r ≤ g} ⊂ R× Y, d(erα)).
Here r is the symplectization coordinate on the R-factor. The functions f, g : Y = P × R → R
satisfy f(y) < g(y) for each y ∈ Y, and are both constant outside of a compact subset. Note that,
after a suitable identification, the corresponding completed symplectic cobordism again is of the form
(R× Y, dη˜), where
• η˜ = erefα for r ≪ 0, while
• η˜ = eregα for r≫ 0.
Due to the (additional) non-compactness in this case, some extra care must be taken when one studies
pseudoholomorphic curves in the symplectization in order for the compactness results to apply. We
refer to e.g. [20, Lemma 4.1] for a careful treatment of such an argument. The basic idea is to use
a fixed cylindrical almost complex structure outside of a compact subset of (X = R × Y, dη˜), which
moreover makes the canonical projection X → P into a pseudoholomorphic map; i.e. the cylindrical
almost complex structure is the lift of an almost complex structure on (P, dθ). Here we must use the
fact that α = αstd is satisfied outside of a compact subset. The main point in this case is the following.
As is established by the aforementioned lemma, all pseudoholomorphic curves with a given bound on
the energy are contained inside some a priori given subset of the form R × K ⊂ R × Y = X, where
K ⊂ Y is compact.
4. Proof of Theorem 3.11
In this section we prove Theorem 3.11. Compactness results in symplectizations have been proved in
a number of different set-ups, see [1, 11, 17, 24] for example. However, to our knowledge, existing
symplectizations results do not explicitly prove compactness for the set of solutions to Equation (3.3).
Rather than extending the full SFT compactness results to our set-up, we prove Proposition 4.8; this
is a simpler result which recovers a certain Reeb chord or orbit, and implies Theorem 3.11.
Our argument to prove Proposition 4.8 is essentially a relative (Lagrangian boundary condition) version
of [5, Sections 5 and 6], which is turn almost entirely relies on [17, Section 5]. Since [5] is closer to our
set-up than [17], we make precise references to [5]. The interested reader can then use [5] to see which
specific result is relevant from the original source [17].
We set-up some notation to be used throughout this section. In the proof of Theorem 3.11 below, we
will be interested in studying a sequence u˜k of pseudoholomorphic strips with Hamiltonian perturbation
term induced by Gs,t, with fixed positive and negative punctures asymptotic to Hamiltonian chords
p+ and p− from L0 to L1, respectively. The Hamiltonian Gs,t is assumed to have support contained
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outside of the concave and convex ends, and hence both asymptotics satisfy p± ⊂ X. Both chords are,
moreover, assumed to live in the component p ∈ π0(Π(X,L0, L1)).
We will restrict these strips to the negative symplectic end uk := u˜k|u˜−1
k
({r≤κ}×Y ), where κ < −N −1 <
−N − ǫ, independent of k, is a regular value of the projections in the R-coordinate for u˜k. The terms
N ≫ 1≫ ǫ > 0 will be defined in the construction of our Lagrangians in Section 7. In particular, we will
assume for these restrictions uk that the Hamiltonian term in (3.3) vanishes and that the Lagrangian
boundary conditions L0, L1 are cylindrical {r ≤ κ} × Λ
−
0 , {r ≤ κ} × Λ
−
1 . Let
(4.1) Zk := u˜
−1
k ({r ≤ κ} × Y ) ⊂ R× [0, 1]
denote the domain of uk, which is a Riemann surface due to the regularity assumption on κ. Write
uk = (ak, fk) where ak : Zk → R is the projection of uk to the r-coordinate.
Throughout this section, J (or Jk) denotes an almost complex structure considered in Section 3.1,
restricted to this negative end. Since for any uk that we consider the image is compact ( although not
a priori uniformly in k), the Hofer energy
(4.2) E(uk) := sup
{ν∈C∞(R,[0,1]) | ν′≥0}
∫
u∗kd(νη) < E = E(p−, p+) <∞.
can be seen to be bounded by a function of the asymptotics p± only; see e.g. [13, Proposition 3.6].
We begin with relative versions of the Monotonicity Lemma, the Maximum Principle, and the Conformal
Modulus, adopting as much as possible the notation of the absolute versions given in [5]. Let gJ be the
metric on R × Y defined by J and the symplectic form. Let BgJ (center; radius) denote a ball defined
with that metric.
Lemma 4.3 (Monotonicity). There exists constants C, 1 > 10ǫ > 0 such that for all 0 < δ < ǫ, for all
J-holomorphic maps
v : (Z, ∂Z)→
(
{r ≤ κ} × Y, ({κ} × Y ) ∪ ({r ≤ κ} × Λ−0 ) ∪ ({r ≤ κ} × Λ
−
1 )
)
,
for all components Z0 ⊂ Z with v is nonconstant on Z0, and for all y ∈ v(Z0) with BgJ (y; δ) ⊂ {r <
κ} × Y we have
areagJ (v(Z0) ∩BgJ (y; δ)) ≥ e
r(y)Cδ2.
Moreover, the constants vary continuously with J in the operator-norm topology.
Proof. This follows from [9, Proposition 4.7.2] after noting that the noncompact Lagrangians are cylin-
drical, and so the constant C = C(L0 ∪ L1) in the monotonicity lemma is nonzero. See also [1,
Proposition 2.69]. 
Denote the closed upper half-plane by
H := {z ∈ C; Im(z) ≥ 0}
and its boundary by ∂H.
Lemma 4.4 (Maximum Principle). Let U ⊂ H be a connected neighborhood of 0 ∈ H. If
u : (U,U ∩ ∂H)→ (R × Y,R × (Λ−0 ∪ Λ
−
1 ))
is pseudoholomorphic and non-constant then r ◦ u has no local maximum on U, including U ∩ ∂H.
Proof. This follows from standard properties of subharmonic functions; see e.g. [37, Lemma 5.5]. 
Lemma 4.5 (Conformal Modulus). Let X denote either the interval [0, 1] or the unit circle S1 = R/Z.
Let v = (av, fv) : X × [0, L] → (−∞, κ] × Y be holomorphic, with Lagrangian boundary conditions
R × Λ−j on ∂X. Assume av(t, 0) ≤ R < S ≤ av(t, L) for all t ∈ X. Then L, called the conformal
modulus of X × [0, L], is bounded below by (S −R)/2E(v).
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Proof. The case when X = S1 is proved as [5, Lemma 6.9]. The proof of the X = [0, 1] case can be
copied verbatim. 
Let Z be a compact (possibly disconnected) Riemann surface with boundary, viewed as a subset of
R × [0, 1] or R × (R/2Z). Let w = (aw, fw) : Z → (−∞, κ] × Y be a smooth (not necessarily J-
holomorphic) map, non-constant on all of its connected components, and where in the case Z ⊂ R×[0, 1]
we assume Lagrangian conditions
w(Z ∩ ((−∞, κ] × {j})) ⊂ R× Λ−j
for j = 0, 1. Assume aw|∂Z = κ, or in the case of a Lagrangian boundary condition, aw|∂Z\R×{0,1} = κ.
We wish to study topological features of “tranches" of w(Z), that is, of w(Z) ∩ {r0 ≤ r ≤ r1} × Y,
for various choices of (r0, r1). These arise later in this section when replacing w with our sequence uk.
However, (r0, r1) is not within our control as we vary k, so a priori, the topology of these tranches can
grow out of control. This potential problem motivates allowing to include to the tranches we encounter
pieces of w(Z) that lie outside of {r0 ≤ r ≤ r1}×Y, to simplify the tranches’ topology (such as number
of connected components). We formalize this inclusion process in the below discussion.
Fix b ∈ (κ − 2δ, κ − δ) where b, b ± δ are regular values of aw. For R < S < κ − 4δ (which we
think of as “not fixed" compared to b) where R,S,R ± δ, S ± δ are regular values of aw and S − R ≥
2δ, we will define surfaces ZSR(w), Z
R
S (w) as done in [5, Section 6]. Let CR be the set of connected
components of (aw)
−1([R,R + δ]) and of (aw)
−1([R − δ,R]). Note that components of the first type
can intersect components of the second at (aw)
−1(R). Begin constructing C+R ⊂ CR (resp. C
−
R ⊂ CR) by
including all connected components in CR that meet (aw)
−1(R + δ) (resp. (aw)
−1(R − δ)) and those
in (aw)
−1([R,R + δ]) (resp. (aw)
−1([R − δ,R])) that do not meet (aw)
−1(R). Since Z can a priori be
disconnected, there may be components of this second type. Next extend first C+R (resp. second C
−
R ) to
include those connected components in CR which are connected to (i.e. share a boundary component
with) some component in the previously defined C+R (resp. C
−
R ), but which is not equal to a connected
component indexed by C−R (resp. the extended C
+
R ). Repeat this (finite) process as long as C
±
R increases,
after which CR = C
+
R ∪ C
−
R . The process is finite because R is a regular value of aw. To abuse notation,
we will also refer to C±R as the union, taken over the index set C
±
R , of connected components. This union
is a subset of the domain Z of the map w defined above.
Set
ZSR(w) = (aw)
−1([R + δ, S − δ]) ∪ C+R ∪ C
−
S ,
Zb(w) = (aw)
−1((−∞, b− δ]) ∪ C−b ,
ZRS (w) = Z
b(w) \ ZSR(w).
Define a subset P0 ⊂ Z to be a δ-essential local minimum (resp. maximum) on level R0 of w if P0
is a connected component of a−1w ((−∞, R0 + δ]) (resp. a
−1
w ([R0 − δ,∞))) and R0 = minP0 aw (resp.
R0 = maxP0 aw). Note P0 need not be a point and could intersect the boundary of Z. Define the
function χw : (−∞, κ]→ Z on the set of regular values of aw by setting χw(r) = χ(Z
b
r(w)). Since b > r,
we use the definition of ZSR(w) above setting S = b and R = r. Recall b is fixed once u is. A value
r ∈ (−∞, κ] is called a jump if there is a non-zero difference in limits (taken over regular values)
lim
S→r+
supχw(S)− lim
R→r−
supχw(R).
Now suppose that u = (a, f) : Z → (−∞, κ] × Y is the restriction, to the negative symplectic end
(−∞, κ] × Y, of an arbitrary J-holomorphic map u˜ = (a˜, f˜) in the statement of Theorem 3.11. We
construct the following “doubles.” Let Z¯ ⊂ R × [−1, 0] be the complex conjugate of Z. Let Zd =
(Z¯ ∪ Z)/{x − i ≃ x+ i} ⊂ R× (R/2Z). For any regular values R 6= S of a, define (ZSR(u))
d, (Zb)d ⊂ Zd
in the same way. Construct a smooth (but not J-holomorphic) map ud = (ad, fd) : Zd → (−∞, κ]× Y,
such that for all r ∈ R, (ad)−1(r) = (a−1(r))d. This implies (ZSR(u))
d = ZSR(u
d) for all regular values
R 6= S. To see more explicitly how ud can be constructed, fix a constant ε > 0. For z = x+ iy ∈ Zd with
ε < |y| < 1− ε, set ud(x+ iy) = u(x+ i|y|). For z = x+ iy ∈ (a−1(r))d with |y| < ε/2 or |y| > 1− ε/2,
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set fd to be locally constant (taking values in our two Legendrians Λ−0 ∪ Λ
−
1 ). For ε/2 ≤ |y| ≤ ε and
1− ε ≤ |y| ≤ 1− ε/2, smoothly interpolate.
Proposition 4.6. [5, Proposition 6.7] Recall δ from Lemma 4.3 and the uniform bound E on the Hofer
energy of any curve u (= uk). Let g be a (uniform) bound on the genus of such curves.
(1) There exists an N0 = N0(g,E, δ) such that the number of δ-essential minima and the number
of jumps of χu is bounded from above by N0.
(2) If R,S,R ± δ, S ± δ are regular values of a, if χ((ZSR(u))
d) = 0, and if there are no δ-essential
minima in ZSR(u), then Z
S
R(u) is the union of at most N0 cylinders and/or strips, each running
between levels R and S.
Proof. The absolute version is proved as [5, Lemmas 6.2-6.6], which establish upper bounds, sayMj > 0,
on the number of components, δ-essential minima and absolute value of Euler characteristics of various
restrictions of the maps. We will see below that theMj = Mj(δ,E, g) and can be thought of “excessively
large" since they each contain terms with δ−2. For the lemmas which require holomorphicity of the map,
we indicate how the proof of the absolute case extends to the relative case. For the lemmas which only
require smoothness of the map, we apply their results to ud. We review each below.
Without any modification, the proof of [5, Lemma 6.2] implies the number of components of ZSR(u) and
ZRS (u) is at most M1 =
8E
Cδ2 where E is the energy defined in equation (4.2) and C is the constant from
Lemma 4.3. The relative version of the Monotonicity Lemma 4.3 supplements the absolute version.
Adding Lemma 4.4 to preclude boundary maxima, the proof of [5, Lemma 6.3] shows the number of
δ-essential local minima of u is at most M2 =
2E
Cδ2 . Again, the Monotonicity Lemma-based proof carries
over verbatim.
Since the proof of [5, Lemma 6.4] uses only smooth topology, we use it to prove
χ(Zb(ud)) ≥ 2− 3g −
12E
Cδ2
χ(ZRS (u
d)), χ(ZSR(u
d)) ∈
[
χ(Zb(ud))−
8E
Cδ2
,
8E
Cδ2
]
.
Similarly, the proof of [5, Lemma 6.6] uses only smooth topology and so we apply it to prove that the
number of jumps of χud , and hence χu as well, is bounded above by some M4 = 3g +
5E
Cδ2 . This proof
uses ZRS (u
d) which otherwise appears inessential in our presentation.
Setting N0 = max{M1,M2,M4} gets us the first claim. It remains to modify [5, Lemma 6.5] to prove
the second claim. There is a correspondence between δ-essential minima/maxima of u and of ud (one-
to-one on the boundary and one-to-two in the interior). So if a component of U of ZSR(u
d) has χ(U) > 0,
then U is a disk and ad|U (δU) = S since by Lemma 4.4, u
d has no maxima. This implies u|U∩ZS
R
(u)) has
a δ-essential minimum. So if χ(ZSR(u
d)) = 0 and if there are no δ-essential minima of u in ZSR(u), then
all components of ZSR(u
d) have Euler characteristic 0 and therefore ud|ZS
R
(ud) is a union of cylinders
connecting the R and S levels. Hence N0 ≥M1 implies the second claim.

Proposition 4.7. [5, Proposition 5.4/6.10] Let
uk = (ak, fk) : Zk → (−∞, κ]× Y
be the restrictions of u˜k introduced at the beginning of this section. Assume infk infZk ak = −∞. Then
there exists a subsequence of the natural numbers, which we index by n, and a subsequence either all of
strips or all of cylinders, Cn ⊂ Zkn such that an R-shift vn = (bn, gn) of the restrictions of ukn to Cn
has the following properties:
(1) Cn is biholomorphic to [−ln, ln]× [0, 1] ⊂ C or [−ln, ln]×S
1, for all n, and ln →∞ as n→∞.
Here and elsewhere, S1 = R/Z.
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(2)
∫
Cn
v∗ndα→ 0.
(3) There is a sequence σn →∞ such that ±bn(±ln, t) ≥ σn for each t ∈ [0, 1].
(4) If the Cn are strips then either vn|[−ln,ln]×{0,1} ⊂ Lj for one of j ∈ {0, 1}, or vn|[−ln,ln]×{j} ⊂ Lj
for each of j ∈ {0, 1}. In the latter case we may moreover require that
r(vn(−ln, 0)) < r(vn(ln, 0)) < 0
is satisfied (observe that the continuous path u˜n(·, 0) : R→ L0 is asymptotic at both of its ends
to the starting points of the chords p−, p+ contained outside of the region {r ≤ 0}).
Proof. We review the proof of [5, Proposition 5.4/6.10], modifying it to account for possible cylindrical
Lagrangian boundary conditions and for Part (4). A level ρ ∈ (−∞, κ] is defined as essential for uk
if any of the following hold: ρ = κ; ρ = minuk; ρ − δ is a δ-essential minimum; χuk has a jump
at ρ. Proposition 4.6 implies the number of essential levels of uk is bounded independent of k. Since
limkmin ak = −∞, we can, after possibly passing to a subsequence n of the natural numbers, find
an interval [ρn, sn] ⊂ (−∞, κ − δ) of length at least n such that the following hold: [ρn, sn] does not
contain any essential levels; ρn, sn, ρn ± δ, sn ± δ are regular values of an; and
∫
a−1n ([ρn,sn])
u∗ndα ≤ E/n.
Proposition 4.6 implies that u−1n ([ρn, sn]× Y ) is a union of cylinders and strips, each running between
ρn × Y and sn × Y.
Recall that u˜n(0, s) takes values in the complement of the concave end (actually, inside X) outside of
a compact subset of the domain; this follows by the assumptions concerning the asymptotics of the
strips. Using this fact we deduce that un, restricted to the connected components of u
−1
n ([ρn, sn]× Y ),
cannot map all the components’ boundaries which lie in Z∩({j}×R) to Lj′ , where {j, j
′} = {0, 1}. The
reason is that this would contradict continuity of u˜n(0, s); indeed, using the aforementioned properties,
one sees that r(un(0, S1)), r(un(0, S1)) > ρn holds for some numbers
S0 ≤ inf r
−1(−∞, ρn) ≤ sup r
−1(−∞, ρn) ≤ S1.
In conclusion, at least one connected component of u−1n ([ρn, sn]× Y ) must be a cylinder, a strip with
both boundary conditions on the same Lagrangian Lj, or with boundary Z ∩ ({j} ×R) mapping to Lj
for j = 0, 1. Let Cn denote one such component. The proof now follows from Lemma 4.5. 
Proposition 4.8. [5, Theorem 5.3] Let uk = (ak, fk) : Zk → (−∞, κ] × Y be the restrictions of
u˜k introduced at the beginning of this section. Assume that infk infZk ak = −∞. Then there exists a
subsequence kn and a subsequence of all strips or of all cylinders Cn ⊂ Zkn , biholomorphically equivalent
to the standard strip or cylinder, [−ln, ln] × [0, 1] or [−ln, ln] × S
1, such that ln → ∞ and such that
ukn |Cn converges (up to an R-shift in either C
∞
loc(R× [0, 1];R× Y ) or C
∞
loc(R× S
1;R× Y )) to a trivial
strip or cylinder over a Reeb chord or closed orbit in the class Qpα− as defined in Section 3.4.
Proof. Recall that because uk maps to (−∞, κ] × Y, there is no perturbation in the J-holomorphic
equations and the Lagrangian boundary conditions are cylindrical. This is the case for which Abbas’
book provides a complete set of details for the lemmas used to prove compactness [1].
Aside from a Reeb orbit energy bound in the last sentence of the statement of [5, Theorem 5.3], the
proof of [5, Theorem 5.3], which uses [5, Proposition 5.4/6.10] allows us to deduce this proposition
from Proposition 4.7 with the following modifications: replace cylinders with cylinders and/or strips;
supplement the absolute Monotonicity Lemma with Lemma 4.3; derive a bound on the gradient not
just at interior points but at boundary points as well, which [1, Proposition 2.56] does; supplement [5]’s
references to [36] with relative analogues from [1]. For this third modification, [5, Theorem 5.3] uses
(1) [36, Lemma 28] and (2) the proof of [36, Theorem 31]. Here (1) states that if u : C→ R× Y is J-
holomorphic, E(u) <∞ and
∫
C
u∗dα = 0, then u is constant. Roughly, (2) states that if u : C→ R×Y
is J-holomorphic, E(u) < ∞, and u is non-constant, then there exists a sequence of sk → ∞ such
that the component of u(e2π(s+it)) in Y converges to a T -periodic Reeb orbit. The relative versions
(domains are H instead of C) of (1) and (2) are proved as [1, Proposition 2.55] and [1, Theorem
2.54/2.57], respectively.
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The fact that the limiting Reeb chord or closed orbit is an element of Qpα− follows from topology. If the
limit is a closed orbit or is a chord with endpoints on the same Legendrian, then the limit of the images
of the uk can serve as the homotopy to prove the chord/orbit is a trivial element in relative/absolute
π1. If it is a chord with endpoints on two different Legendrians, Part (4) of Proposition 4.7 is also
required, to conclude that the chord is homotopic to the intersection points p± ∈ p (viewed as constant
paths). 
Corollary 4.9. Fix ϕ ∈ C(L0, L1, Gs,t) be a Hofer function such that rϕ <∞. Recall ~ which is defined
in equation (3.9). Let uk = (ak, fk) : Zk → (−∞, κ] × Y be the restrictions of u˜k introduced at the
beginning of this section. Assume that infk infZk ak = −∞. Then there exist a subsequence ukn and a
sequence of connected open subsets Un ⊂ R× [0, 1] such that one of the following two cases holds.
(1) Un ⊂ Zkn is precompact and satisfies
(a) lim infn→∞Ed(ϕη)(ukn |Un) ≥ ~, and
(b) lim supn→∞ akn(Un) = −∞.
(2) Un contains the cylindrical end {s ≤ −Sn} for some Sn ≫ 0, while it is disjoint from {s ≥ Sn},
and satisfies
(a) lim infn→∞Ed(ϕη)(u˜kn |Un) ≥ ~− aϕ(p−)−
∫ 1
0 G−,t(p−(t))dt,
(b) lim supn→∞ akn(∂Un \ (R× {0, 1})) = −∞.
Remark 4.10. By (1.b) and (2.b) the curves un|Un all converge to −∞. Recall that this is a basic
feature of the breaking of pseudoholomorphic curves in the SFT-setting.
Proof. Let kn, Cn be as in Proposition 4.8.
Case 1: Suppose fkn |Cn converges to either a closed Reeb orbit or to a Reeb chord starting and ending
on the same Legendrian component. We wish to show that Case (1) applies. Let Un be the component
of Zkn \ Cn which does not intersect ∂Zkn \ (R × {0, 1}).
By the Maximum Principle Lemma 4.4, akn |Un obtains its maximum on νn := ∂Un \ (R× {0, 1}). The
path νn is smooth as a subset of the boundary of the Riemann surface Zn defined in equation (4.1).
Part (b) of Case (1) then readily follows the convergence established by Proposition 4.8; namely, the
latter convergence is only possible after shifting the symplectisation coordinate R to +∞ in view of
±ln → ±∞ (there exists no finite energy punctured pseudoholomorphic curves in a half symplectisation
(−∞, r0]× Y ).
Let γn be the Reeb chord (resp. orbit) from Proposition 4.8. For arbitrary ε > 0 there exists N such
that for all n ≥ N, there exists a smooth rectangle (resp. annulus) An ⊂ R × Y which is a bordism
from ukn(νn) to {akn(0, 0)} × γn in (R× Y,L0 ∪ L1) for which∣∣∣∣∫
An
dα−
∣∣∣∣ =
∣∣∣∣∣
∫
γn
α− −
∫
fkn(νn)
α−
∣∣∣∣∣ < ε.
The inequality comes from the strong convergence of fkn(νn) to γn in Proposition 4.8. Stokes’ theorem
then implies ∫
Un
u∗knd(ϕη) = e
−rϕ
∫
νn
u∗knα− ≥ e
−rϕ
(∫
γn
α− − ε
)
≥ ~− e−rϕε,
proving part (a) of Case (1). For the last inequality, we use that γn ∈ Q
p
α− by Proposition 4.8.
Case 2: When fkn |Cn converges to a Reeb chord running between Λ
−
0 and Λ
−
1 , we set Un to be the
component of R×[0, 1]\Cn which includes the cylindrical end {s ≤ −Sn}, and hence excludes {s ≥ Sn}.
We again apply the maximum principle (to akn |Cn) to conclude part (b) of Case (2). Part (a) of Case (2)
follows from the same argument in Case (1): appending a smooth rectangle An with ε-small dα−-area
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to u˜kn(Un); Stokes’ theorem; together with e
−rϕ
∫
γn
α− ≥ ~. The (
∫ 1
0 G−,tdt)-term arises from the use
of Stokes’ theorem as in Equality (3.4).

Proof of Theorem 3.11. We prove Case (2) of the theorem, as cases (0), (1) and (3) are similar. As
discussed at the beginning of this section, we assume the theorem does not hold. Then there exists a se-
quence of u˜k (with restrictions u˜k|Zk = uk = (ak, fk)) of solutions to the Gs,t-perturbed Jk-holomorphic
equations, such that (after passing to a subsequence and taking k sufficiently large) limkmin ak = −∞
and the Jk are sufficiently close to each other in the operator-norm topology so that the constants in
Lemma 4.3 can be treated as independent of k ≫ 0.
Recall the action aϕ defined in equation (2.12). The hypothesis of Case (2) of Theorem 3.11 implies
the inequality
0 > max{aϕ(p+)− aϕ(p−)− ~, aϕ(p+)− ~}+
∫ 1
0
maxGtdt.
We finally reach a contradiction by the below inequalities, derived from the above hypothesis, Cases
(1.a) and (2.a) of Corollary 4.9 for k ≫ 0 sufficiently large, together with Case (2) of Lemma 3.6 (in
that precise order):
0 > aϕ(p+)− aϕ(p−)− ~+
∫ 1
0
maxGtdt
≥ aϕ(p+)− a
−
ϕ −Ed(ϕη)(u˜k|Uk) +
∫ 1
0
maxGtdt
≥ Ed(ϕη),Jk(u˜k|[0,1]×R\Uk) > 0.

5. Usher’s trick in the symplectization
In this section we fix a contact manifold (Y, α) with a contact form α. When speaking about the
symplectization we will thus always refer to the identification (R × Y, d(erα)). In order to make the
distinction between a Hamiltonian on R × Y and a contact Hamiltonian on Y, in this section we use
the superscript “α,” i.e. Hαt : Y → R, in the case of a contact Hamiltonian.
The contact Hamiltonian Hαt : Y → R has a lift e
rHαt : R × Y → R to the symplectization which, of
course, is unbounded unless Hαt ≡ 0. In order to produce a Hamiltonian that is possible to measure,
it will be necessary to cut it off using a smooth bump function. Obviously, this must be done in a
way which preserves the Hamiltonian diffeomorphism in some significant subset. In order to perform
the cut-off in an efficient manner we will need to use the so-called Usher’s trick, which made its first
appearance in the proof of [52, Theorem 1.3] due to Usher.
That this trick is very useful also for contact Hamiltonians was observed by Shelukhin in [49]; see
Lemma 5.2. Here we follow his construction when proving the following result.
Proposition 5.1. Assume that we are given an indefinite contact Hamiltonian Hαt and any number
δ > 0. Let A,B ≥ 0 be as in (1.2). Then there exists a compactly supported Hamiltonian Gt : R×Y → R
for which
φ1Gt |(φ1Gt )
−1([A+δ/2,A+3δ/2]×Y ) = φ
1
erHαt
,
and whose Hofer norm satisfies the bound
eA+2δ min
Y
Hα1−t < min
R×Y
Gt ≤ 0 ≤ max
R×Y
Gt < e
A+2δ max
Y
Hα1−t.
Moreover, we can take Gt to be of the form κt ·e
rKαt for an indefinite contact Hamiltonian K
α
t : Y → R
and a smooth one-parameter family of bump-functions κt : R× Y → [0, 1] satisfying:
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(1) The functions κt are supported inside [0, A +B + 1]× Y ;
(2) On the subsets
φtGt((φ
1
Gt)
−1([A+ δ/2, A + 3δ/2] × Y )), t ∈ [0, 1],
we have κt ≡ 1.
Before proving this proposition we first recall Usher’s trick in this setting.
Lemma 5.2 (Usher). Let Fαt : Y → R be a contact Hamiltonian. Then there exists a contact Hamil-
tonian F˜αt : Y → R satisfying the following properties:
(1) φ1
α,F˜αt
= φ1α,Fαt
,
(2) (erF˜αt ) ◦ φ
t
erF˜αt
= erFα1−t,
(3) min t∈[0,1]
y∈Y
τ t
α,F˜αt
(y) = −max t∈[0,1]
y∈Y
τ tα,−Fα1−t
(y),
(4) max t∈[0,1]
y∈Y
τ t
α,F˜αt
(y) = −min t∈[0,1]
y∈Y
τ tα,−Fα1−t
(y).
In particular, by the second property, F˜αt is indefinite if and only if F
α
t is.
Proof. For any two Hamiltonians Gt and Ht on a symplectic manifold, it is a general and easily checked
fact that
φtGt ◦ φ
t
Ht = φ
t
Gt+Ht◦(φtGt
)−1
holds. In particular, the Hamiltonian isotopy (φtHt)
−1 is generated by the Hamiltonian Gt satisfying
Gt ◦ φ
t
Gt = −Ht.
When applying this to the lift Ht = e
rHαt of a contact Hamiltonian, note that the produced Gt = e
rGαt
again is the lift of a contact Hamiltonian.
Recall the standard fact that the contact Hamiltonian Hαt = −F
α
1−t generates
φtα,−Fα1−t = φ
1−t
α,Fαt
◦ (φ1α,Fαt )
−1,
as can be checked by explicitly evaluating the contact form α on the infinitesimal generator. Applying
the previously mentioned formula for the inverse of the Hamiltonian isotopy to erHαt = −e
rFα1−t, the
produced contact Hamiltonian F˜αt := G
α
t generating (φ
t
α,−Fα1−t
)−1 is the one we seek. Indeed, using the
aforementioned identities, we immediately compute
φ1
α,F˜αt
= (φ1α,−Fα1−t)
−1 = φ1α,Fαt ◦ (φ
1−1
α,Fαt
)−1 = φ1α,Fαt .
Thus we have established Parts (1) and (2).
Parts (3) and (4) are a straightforward consequence of the fact that φ∗α = eτα if and only if (φ−1)∗α =
e−τα. 
Proof of Proposition 5.1. As in the proof of the above lemma, recall the standard identity
(5.3) φ1−tα,Fαt
◦ (φ1α,Fαt )
−1 = φtα,−Fα1−t
of contact isotopies for any contact Hamiltonian Fαt .
We now consider the lifted contact Hamiltonian −erHα1−t. Lemma 5.2 (Usher’s trick) applied to the
contact Hamiltonian Fαt := −H
α
1−t produces an, again, indefinite contact Hamiltonian F˜
α
t . Denoting
this contact Hamiltonian by −Kα1−t := F˜
α
t , we obtain
(5.4) φ1−erHα1−t = φ
1
−erKα1−t
,
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(this is Part (1) of that lemma) while for each t ∈ [0, 1] the equalities
max
φt
−erKα
1−t
([A,A+2δ]×Y )
(−erKα1−t) = max
[A,A+2δ]×Y )
(−erHαt ),
min
φt
−erKα1−t
([A,A+2δ]×Y )
(−erKα1−t) = min
[A,A+2δ]×Y )
(−erHαt ),
hold (this is Part (2) of that lemma).
We now claim that the corresponding contact Hamiltonian Kαt will do the job, and where the cut-off
function κ1−t : R×Y → R≥0 is constructed to have support inside some arbitrarily small neighborhood
of φt−erKα1−t
([A+δ/2, A+3δ/2]×Y )∩{r ≥ 0} for each t ∈ [0, 1], in which κ1−t ≡ 1 moreover is satisfied.
The statement that φ1Gt satisfies
φ1Gt |(φ1Gt )
−1([A+δ/2,A+3δ/2]×Y ) = φ
1
erHαt
in the subset (φ1Gt)
−1([A + δ/2, A + 3δ/2] × Y ), as required, is a consequence of Property (3) of this
proposition, together with
φ1erKαt = (φ
1
−erKα1−t
)−1 = (φ1−erHα1−t)
−1 = φ1erHαt
as follows from Formulas (5.3) and (5.4). It thus remains to prove that Property (3) can be made to
hold simultaneously with Properties (1) and (2).
First, note that the subsets
φt−erKα1−t([A+ δ/2, A + 3δ/2] × Y ), t ∈ [0, 1],
all are contained inside [0, A + B + 1) × Y , since Parts (3) and (4) of Lemma 5.2 shows that the r-
coordinate of this subset is decreased (resp. increased) by at most the amount A > 0 (resp. B > 0)
during the isotopy. (Recall that the lemma was applied to Fαt = −H
α
1−t in order to construct F˜
α
t =
−Kα1−t.)
Second, consider the equality
φ1−tGt ◦ (φ
1
Gt)
−1([A+ δ/2, A + 3δ/2] × Y ) = φt−G1−t([A+ δ/2, A + 3δ/2] × Y )
which holds by the Hamiltonian analogue of Formula (5.3). The right-hand side can be seen here to
coincide with φt−erKα1−t
([A+ δ/2, A+3δ/2]× Y ) by the construction of the cut-off function κt together
with Gt = κt · e
rKαt . In particular, φ
1−t
Gt
◦ (φ1Gt)
−1([A + δ/2, A + 3δ/2] × Y ) is contained in the subset
where κ1−t is equal to one. 
The pay-off of this trick is that the Hofer norm for Gt in Proposition 5.1 is controlled with a factor
approximately equal to eA as opposed to eA+B . Such a larger factor would result using the naive
approach setting Gt = κt ·e
rHαt instead of Gt = κt ·e
rKαt with a contact Hamiltonian K
α
t as constructed
by Lemma 5.2.
6. Splashing and neck-stretching
Here we use a splitting along a hypersurface of contact type towards two goals. In Section 6.1, we
review neck-stretching. In Section 6.2, we wrap a Lagrangian in a certain way that, combined with
neck-stretching, ultimately leads to a Mayer–Vietoris long exact sequence in Floer homology. For similar
decompositions of complexes defined by counts of pseudoholomorphic curves in different settings, see
[50] and [33]. The approach taken here is also closely related to the Mayer–Vietoris decomposition in
symplectic homology and Wrapped Floer homology as constructed in [18] by Cieliebak–Oancea.
In this section let L0, L1 ⊂ (X, dη) denote two exact Lagrangian submanifolds in an exact symplectic
manifold. Consider a dividing hypersurface (Y, α) ⊂ (X, dη) of contact-type, where α = η|TY . Assume
that
Λi := Li ∩ Y ⊂ (Y, α), i = 0, 1,
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are connected Legendrian submanifolds, where Λi ⊂ Li moreover is dividing and where Λ0 ∩ Λ1 = ∅.
We will also take a neighborhood of Y ⊂ (X, dη) and its exact symplectomorphism to the subset
([T − 3ε, T + 3ε]× Y, d(erα))
of the symplectization as part of the data, for some ε > 0 and arbitrary T ∈ R (such a neighbor-
hood always exists). The image of Li under this identification is given by the cylindrical Lagrangian
submanifold
[T − 3ε, T + 3ε]× Λi ⊂ [T − 3ε, T + 3ε]× Y, i = 0, 1.
In addition, we fix here a piecewise smooth Hofer function ϕ (see Definition 2.8) which moreover is
assumed to satisfy
ϕ|[T−3ε,T+3ε]×Y ≡ 1.
Recall that for i = 0, 1 we have chosen primitives fϕ0 , f
ϕ
1 of the pullbacks of ϕη to L0, L1.
6.1. Neck-stretching. Neck-stretching can be used to prevent certain pseudoholomorphic curves or
strips from crossing a hypersurface. In the setting of Floer homology with a Hamiltonian perturbation
term, it appears in e.g. [18, Section 2.3], while in the setting of symplectic field theory (SFT for short)
we refer to [21], [11]. However, note that the approach taken here is simpler compared to the one in [18],
since our method only uses positivity of energy for strips, and does not rely on the SFT compactness
theorem.
Denote by XL ⊔ XR = X \ ([T, T + ε] × Y ) the components “to the left” and “to the right” of the
cylindrical region, respectively (here we used the property that the hypersurface is dividing). One way
to formulate the neck-stretching is as follows. First, excise the cylindrical pair
([T, T + ε]× Y, [T, T + ε]× (Λ0 ∪ Λ1)) ⊂ (X,L0 ∪ L1),
and replace it with the “longer pair”
([T, T + ε+ λ]× Y, [T, T + ε+ λ]× (Λ0 ∪ Λ1)).
Rescale the symplectic form to be eλdη on the subset XR. In this manner we obtain a new pair of exact
Lagrangian submanifolds of a new symplectic manifold.
For us we will only be interested in the case when [T, T + ε]× Y is a cylindrical subset of a cylindrical
end of X. By assumption we have ϕ(r) ≡ 1 ∈ R for all r ∈ [T, T +ε]. In this case there is an alternative
formulation of the above construction, where instead of replacing the manifold we replace the function
ϕ : X → R>0 with the function
ϕλ : X → R>0,
determined by
(6.1) ϕλ :=

ϕ(x), x ∈ XL,
eρλ(r)ϕ(x) = eρλ(r), x = (r, y) ∈ [T, T + ε]× Y,
eλϕ(x), x ∈ XR.
where ρλ : R → [0, λ] is a smooth interpolation function for which ρ
′
λ ≥ 0 has compact support, while
it satisfies ρλ(T ) = 0 and ρλ(T + ε) = λ. Note that ϕλ is a Hofer function (in particular, see Part (2)
of Definition 2.8). Moreover, there is an inclusion
J (L0, L1, ϕλ) ⊂ J (L0, L1, ϕ)
of subsets of admissible almost complex structures. Recall Section 3.1.
Let Ci = f
ϕ
i (T, ·) denote the value of the primitive f
ϕ
i at Li∩Y ∩{r = T}, which is constant by Lemma
2.9, together with the fact that Li ∩ Y is connected. Recall f
ϕ
i is a primitive of the one-form ϕη pulled
back to Li. See Section 2.5.
AN ENERGY-CAPACITY INEQUALITY FOR LEGENDRIAN SUBMANIFOLDS 35
Lemma 6.2. Consider intersection points pL, pR ∈ L0 ∩L1 contained inside XL and XR, respectively.
After neck-stretching we have
aϕλ(pR) = e
λ(aϕ(pR)− (C1 − C0)) + (C1 − C0)
while the action of pL is unaffected, i.e. aϕλ(pL) = aϕ(pL).
The effect of replacing ϕ with ϕλ will be said to be a neck-stretching with parameter λ.
Proof. The primitives of ϕλη pulled-back to Li are given by
fϕλi =
{
fϕi (x), x ∈ Li ∩XL,
eλ(fϕi (x)− Ci) + Ci, x ∈ Li ∩XR,
as can be seen by a direct computation. 
6.2. Splashing. Consider the autonomous Hamiltonian
hSplε,Z−,Z+ =
∫ r
0
esβSplε,Z−,Z+(s)ds : (X, dη) → R
which only depends on the symplectization coordinate r ∈ R, and where βSplε,Z−,Z+ is as shown in
Figure 1. The corresponding Hamiltonian vector field is given by βSplε,Z−,Z+Rα, whose support inside
[T − 3ε, T + 3ε]× Y .
We define
LSpl0 := φ
1
hSpl
ε,Z−,Z+
(L0)
to be a Hamiltonian deformation of L0, supported in [T − 3ε, T + 3ε] × Y . As in [27], we call this a
“splash.” We assume LSpl0 ∩ [T − 3ε, T + 3ε] × Y is cylindrical outside of {|r − (T ± 2ε)| < ε
2} and
{|r − T | < ε2}. The following result is straightforward.
Lemma 6.3. For any fixed numbers Z− < 0 < Z+, we can make the above Hamiltonian h
Spl
ε,Z−,Z+
arbitrarily small in the uniform C0-norm by shrinking ε > 0. After either increasing Z+ or decreasing
Z−, we may moreover assume that h
Spl
ε,Z−,Z+
≡ 0 holds outside of [T − 3ε, T + 3ε]× Y .
βSplε,Z−,Z+(r)
T − 2ε T + ε
r
T − ε
T
T + 2ε
T + 3ε
T − 3ε
Z+
Z−
Figure 1. The splashing construction is performed by applying the time-1 flow of
the Hamiltonian vector field βSplε,Z−,Z+(r)Rα supported in {r ∈ [T − 3ε, T + 3ε]} to the
Lagrangian L0 which is cylindrical in the same subset.
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Lemma 6.4. The intersection points
{p−i } = L
Spl
0 ∩ L1 ∩ [T − ε
2, T )× Y
are in bijective correspondence with a subset of the Reeb chords from Λ1 to Λ0, while the intersection
points
{p+i } = L
Spl
0 ∩ L1 ∩ (T, T + ε
2]× Y
are in bijective correspondence with a subset of the Reeb chords from Λ0 to Λ1. For appropriate β
Spl
ε,Z−,Z+
,
the ϕ-action of the intersection point p±i and the length of the corresponding Reeb chord c
±
i satisfy
| ± eT ℓ(c±i ) + (C0 −C1)− aϕ(p
±
i )| < Kε,
where the constant K = K(Z−, Z+) depends continuously on its two parameters. (The value of these
constants K depend on the particular choice of family βSplε,Z−,Z+ of functions; more precisely, they are
taken to satisfy ε2| ddrβ
Spl
ε,Z−,Z+
| ≤ K(Z−, Z+) .)
Proof. By the construction of
LSpl0 = φ
1
βSpl
ε,Z−,Z+
Rα
(L0)
each intersection point p ∈ LSpl0 ∩ L1 corresponds to a chord of the time-one flow of the rescaled
Reeb vector field βSplε,Z−,Z+Rα, where the function β
Spl
ε,Z−,Z+
only depends on r. The correspondence
between intersection points and Reeb chords is hence straightforward. (Also, see Figure 6 for a similar
correspondence.) By the same reasons, the pull-back of erα+ to L
Spl
0 takes the form e
r d
drβ
Spl
ε,Z−,Z+
(r)dr;
see Part (2) of Lemma 2.9.
We see from Figure 1 that we can choose βSplε,Z−,Z+ such that
∣∣∣ ddrβSplε,Z−,Z+∣∣∣ < (Z+ − Z−)/ε2. So, in
particular, for
{|r − T | ≤ ε2} we can assume∣∣∣∣er ddrβSplε,Z−,Z+ − eT ddrβSplε,Z−,Z+
∣∣∣∣ ≤ |er − eT |K/ε2 ≤ K
for a constant K(Z+, Z−). The integral∫ r
T
(
er
d
dr
βSplε,Z−,Z+ − e
T d
dr
βSplε,Z−,Z+
)
dr
then satisfies the estimate
|(fϕ0 − C0)− (e
TβSplε,Z−,Z+(r)− 0)| ≤ Kε.
Since fϕ1 is constantly equal to C1 inside this region, the statements concerning the action thus hold.
(Recall that fϕ0 (p
±
i )− f
ϕ
1 (p
±
i ) = aϕ(p
±
i ), while e
TβSplε,Z−,Z+(r(p
±
i )) = ±e
T ℓ(c±i ).) 
Note that there are no intersection points of LSpl0 ∩ L1 in the region where L
Spl
0 ∩ [T − 3ε, T + 3ε] × Y
is cylindrical, which includes the slices {r = T ± ε}, because L1 is also cylindrical.
In Section 8.6, we will define M± in terms of M± from equation (1.2). For now, just consider M± as
constant. Also, we recall the definition of ϕλ in equation (6.1).
Proposition 6.5. Fix Z+ > 0 > Z− satisfying
Z+ + (C0 − C1) > M+ > M− > Z− − (C0 −C1).
After possibly shrinking ε > 0, increasing λ, increasing Z+ > 0 or decreasing Z− < 0, the following can
be made to hold. Consider the set of intersection points p ∈ LSpl0 ∩ L1 such that M− ≤ aϕ(p) ≤ M+.
For any almost complex structure in
J (L0, L1, ϕλ) ⊂ J (L0, L1, ϕ),
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there exists no pseudoholomorphic strip whose input is an intersection point as above located in {r ≤
T + ε} (resp. {r ≥ T − ε}) and whose output is an intersection point as above located in {r ≥ T + ε}
(resp. {r ≤ T − ε}).
Proof. Let λ = λ(LSpl0 , L1, T, ϕ) > 0 be some positive constant and perform a neck-stretching with
parameter λ to one of the slices {r = T ± ε}, with the corresponding functions ϕ±λ : X → R>0. Let f
±
0 ,
f±1 denote the primitives of the corresponding pull-backs of ϕ
±
λ η to L
Spl
0 , and L1, respectively, and f
Spl
0
denote a primitive of the pull-back of ϕη to LSpl0 uniquely determined by f
Spl
0 (T ) = C0 = f
ϕ
0 (T ). The
induced actions will be denoted by aϕ±
λ
(p) = f±0 (p)− f
±
1 (p).
Claim 1: For sufficiently large λ, any intersection point p ∈ LSpl0 ∩L1∩{r ≥ T+ε} satisfies aϕ+
λ
(p) < Z−.
Proof of Claim 1: Lemma 6.2 implies that
aϕ+
λ
(p) = eλ((fSpl0 (p)− f
ϕ
1 (p))− (f
Spl
0 (T + ε)− f
ϕ
1 (T + ε)))
+ (fSpl0 (T + ε)− f
ϕ
1 (T + ε))
< eλν1 + ν2
for some constants ν1, ν2 independent of λ. It suffices to verify ν1 < 0, that is, f
Spl
0 (p) − f
ϕ
1 (p) <
fSpl0 (T + ε)− f
ϕ
1 (T + ε). Consider first the case when p is an intersection point in {T + ε ≤ r ≤ T +3ε}.
In this case, Figure 1 illustrates
fSpl0 (p)− f
Spl
0 (T + ε) =
∫ p
T+ε
er
d
dr
βSplε,Z−,Z+(r)dr < 0.
Since L1 is cylindrical in this region, f
ϕ
1 (p) = f
ϕ
1 (T + ε). All other intersections points of L
Spl
0 and
L1 in {r ≥ T + 3ε} exist as intersections points of L0 and L1. For these, we list some relations and
approximations that we then combine to get the desired result. Among the parameters that we adjust,
we fix λ last, immediately preceded by ε. In particular the product of kZ+ (which can be thought close
to 3eTZ+) with ε can be made small enough to satisfy the last inequality in the second line below, as
well as (once T > 0 is fixed) the last inequality in the fourth line below.
fSpl0 (p)− f
ϕ
0 (p) = (f
Spl
0 (T + 3ε)− C0)− (f
ϕ
0 (T + 3ε) − C0)
=
∫ T+3ε
T
er
d
dr
βSplε,Z−,Z+(r)dr < Z+(e
T+3ε − eT ) < kZ+ε,
fϕ0 (p)− f
ϕ
1 (p) = aϕ(p) ≤M+ < Z+ − kZ+ε+ (C0 − C1),
fSpl0 (T + ε)− f
Spl
0 (T + 3ε) =
∫ T+ε
T+3ε
er
d
dr
βSplε,Z−,Z+(r)dr > Z+e
T+ε > Z+ + kZ+ε,
(C0 − C1)− (f
Spl
0 (T + 3ε)− f
ϕ
1 (T + 3ε)) =
∫ T
T+3ε
er
d
dr
βSplε,Z−,Z+(r)dr < Z+(e
T+3ε − eT ) < kZ+ε,
fϕ1 (T + ε) = f
ϕ
1 (T + 3ε).
fSpl0 (p)− f
ϕ
1 (p) < f
ϕ
0 (p)− f
ϕ
1 (p) + kZ+ε
< Z+ + (C0 − C1)
= Z+ + (C0 − C1) + (kZ+ε− kZ+ε)− (f
ϕ
1 (T + ε)− f
ϕ
1 (T + 3ε))
< fSpl0 (T + ε)− f
ϕ
1 (T + ε)
− (fSpl0 (T + 3ε)− f
ϕ
1 (T + 3ε)) + (C0 − C1)− kZ+ε
< fSpl0 (T + ε)− f
ϕ
1 (T + ε)− (C0 − C1) + (C0 − C1).
Claim 2: For sufficiently large λ, any intersection point p ∈ LSpl0 ∩L1∩{r ≥ T−ε} satisfies aϕ−
λ
(p) > Z+.
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Proof of Claim 2: Lemma 6.2 implies that
aϕ−
λ
(p) = eλ((fSpl0 (p)− f
ϕ
1 (p))− (f
Spl
0 (T − ε) + f
ϕ
1 (T − ε)))
+ (fSpl0 (T − ε)− f
ϕ
1 (T − ε))
> eλν1 + ν2
It suffices to verify ν1 > 0, that is, f
Spl
0 (p)−f
ϕ
1 (p) > f
Spl
0 (T−ε)−f
ϕ
1 (T−ε). Consider first the case when
p is an intersection point in {T −ε ≤ r ≤ T +3ε}. In this case, Figure 1 illustrates fSpl0 (p) > f
Spl
0 (T−ε),
while fϕ1 (p) = f
ϕ
1 (T + ε). All other intersections points in {r ≥ T + 3ε} exist as intersections points
of L0 ∩ L1. To complete the verification for these points, repeat the string of inequalities as in the
proof of Claim 1 with the following changes: (1) replace ≤ M+ < Z+ − kZ+ε + (C0 − C1) with
≥M− > Z− + kZ−ε− (C0 − C1); (2) replace T + ε with T − ε and T + 3ε with T − 3ε; (3) reflect all
integration through r = T.
For any J ∈ J (L0, L1, ϕλ), a pseudoholomorphic strip must increase action (from input to output)
for any action, including aϕ±
λ
; see Lemma 3.5. Note that neck-stretching does not change the actions
for any chords or intersection points to the left of the neck. Therefore, by Claims 1 and 2, there
is no pseudoholomorphic strip with Lagrangian boundary conditions LSpl0 and L1 whose input is an
intersection point as in the proposition’s statement, located in {r ≤ T + ε} (resp. {r ≥ T − ε}) and
whose output is an intersection point as in the proposition’s statement, located in {r ≥ T + ε} (resp.
{r ≤ T − ε})

7. Pushing off the Lagrangian concordance
In Sections 7 and 8, we assume that we are given a complete Lagrangian concordance L ⊂ (X, dη)
inside a complete symplectic cobordism from (Y−, α−) to (Y+, α+); c.f. Definition 2.6. The (±)-ends of
L are denoted by Λ± ⊂ (Y±, α±), where Λ+ = Λ. The assumption that L is a concordance means that
L is diffeomorphic to R× Λ and that, hence, Λ− is diffeomorphic to Λ.
In this sections we fix two numbers
0 < ǫ < σ
where the former is supposed to be sufficiently small and the latter can be arbitrary.
Let Λǫ± := φ
−ǫ
α±,1
(Λ±) ⊂ (Y±, α±) denote the image of the ends of L under the time-(−ǫ) Reeb flow
associated to the contact forms α±. The goal here is to construct a smooth family of Lagrangian
cobordisms Lǫ,N,s from Λ
ǫ
− to Λ
ǫ
+ depending smoothly on the parameters ǫ,N, and s ∈ [ǫ, σ]. Each of
these Lagrangian cobordisms will be given as the image
Lǫ,N,s = φ
1
Hǫ,N,s(L)
of L under a Hamiltonian diffeomorphism, where Hǫ,N,s : X → R is a smooth family of autonomous
Hamiltonians.
Our construction will be made to satisfy the following crucial properties:
• The above Hamiltonian flow is of the form ddtφ
t
Hǫ,N,s
≡ −ǫRα± outside of the compact subset
{|r| ≥ N + ǫ} of the respective cylindrical ends of (X, dη). In particular, the cobordisms Lǫ,N,s
are all cylinders over Λǫ± outside the same subset.
• The above Hamiltonian vector field is of the form βǫ,N,s(r)Rα± inside the complement
X \ ({|r −N | ≤ 2ǫ} ∪X),
where βǫ,N,s(r) = βǫ,N,ǫ(r) moreover holds inside the complement
X \ ({|r −N | ≤ 2ǫ} ∪ {−N + ǫ ≤ r ≤ −ǫ} ∪X).
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• For s = ǫ there exists a Weinstein neighborhood of L ⊂ (X, dη), i.e. a neighborhood symplec-
tically identified with a neighborhood of the zero-section of (T ∗L, dθL), in which all φ
t
Hǫ,N,ǫ
(L),
t ∈ [0, 1], are graphs of the exact one-forms t dgǫ,N for a smooth family of functions
gǫ,N : L→ R.
This family of functions is moreover required to be a Morse perturbation of a Morse–Bott
function g˜ǫ,N : L→ R that satisfies:
– The inequality dg˜ǫ,N (∂r) > 0 holds when restricted to the subsets {|r| ≥ N + ǫ} of the
cylindrical ends; and
– The form dg˜ǫ,N is non-vanishing outside of the two critical submanifolds {r = ±N}∩L ⊂ L,
each of which is non-degenerate in the Bott sense and diffeomorphic to Λ;
The function gǫ,N will be taken to be C
2-close to g˜ǫ,N , and to differ with the latter function
only in a small neighborhood of the above critical submanifolds.
See Figures 2 and 4 for illustrations of the deformations in the first two points. In fact, if the deformation
described by the figures are applied to the whole concordance, then the intersection with the original
concordance will be of Bott type; the third point is achieved after a generic Morse perturbation of this
situation.
In order to construct the sought Hamiltonian isotopy, we choose the following strategy. First, we
construct an appropriate Weinstein neighborhood of L, second, we construct the above function gǫ,N
and, third, we construct the Hamiltonian vector field βǫ,N,s(r)Rα± inside the subset {−N+ǫ ≤ r ≤ −ǫ}.
7.1. A Weinstein neighborhood of the Lagrangian concordance. We fix a parametrization
ψ : R × Λ → L which maps (−∞,−1) × Λ and (1,+∞) × Λ into the concave and convex cylindrical
ends of X, respectively. More specifically, using q to denote the standard coordinate on R, outside of
(−1, 1) × Λ we ask that ψ takes the form
ψ(q, x) =
{
(q + 1, ψ˜−(x)) ∈ (−∞, 0]× Λ− ⊂ (−∞, 0] × Y−, q ≤ −1,
(q − 1, ψ˜+(x)) ∈ [0,+∞)× Λ+ ⊂ [0,+∞) × Y+, q ≥ 1,
where ψ˜− and ψ˜+ = IdΛ are parametrizations of Λ− and Λ+ = Λ, respectively.
First we use the Legendrian normal neighborhood theorem (see [30, Theorem 6.2.2]) in order to extend
the above Legendrian embeddings ψ˜± to contact-form preserving identifications
Ψ˜± : (V±, dz + θΛ) →֒ (Y±, α±),
Ψ˜±|0Λ = ψ˜±,
defined on neighborhoods
V± ⊂ (J
1Λ = T ∗Λ× R, dz + θΛ)
of the zero-section.
Then we use Weinstein’s Lagrangian neighborhood theorem (see e.g. [40, Theorem 3.33]) in order to
extend the above Lagrangian embedding ψ : R× Λ →֒ (X, dη) to a (non-exact) symplectic embedding
Ψ: (U, dθR×Λ) →֒ (X, dη),
Ψ|0R×Λ = ψ,
defined on a neighborhood
U ⊂ (T ∗(R× Λ) = T ∗R× T ∗Λ, dθR×Λ = dθR ⊕ dθΛ)
of the zero section.
Again we use q to denote the standard coordinate on the R-factor, while q is used to denote local
coordinates on Λ. The coordinates p and p are then used to denote the corresponding (locally defined)
canonical conjugate momenta.
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These locally defined coordinates can be used to express globally well-defined symplectomorphisms
Fa : (T
∗(R× Λ), dθR×Λ)
∼=
−→ (R × J1Λ, d(er(dz + θΛ))), a ∈ R,
((q,q), (p,p)) 7→ (q + a, (q, e−(q+a)p,−e−(q+a)p)).
In the below lemma we use this identification in order to construct a symplectomorphism Ψ of a
particularly convenient form.
Lemma 7.1. The symplectomorphism Ψ above can be constructed (for a possibly smaller domain U)
so that it takes the form
Ψ((q,q), (p,p)) =
{
Ψ˜ ◦ F1, q ≤ −1,
Ψ˜ ◦ F−1, q ≥ 1,
on the cylindrical ends of (X, dη).
Proof. We need to examine the construction of the symplectomorphism in the proof of the Weinstein
Lagrangian neighborhood theorem to show that the sought properties can be achieved. In the proof
one starts with an extension of ψ to the cotangent bundle of R × Λ by a diffeomorphism (i.e. smooth
but not necessarily symplectic), which moreover is assumed to be symplectic along the zero-section
(i.e. infinitesimally). After an application of Moser’s trick, this diffeomorphism is deformed to a sym-
plectomorphism, while fixing the map set-wise along the zero-section.
In the case when the original diffeomorphism already is an exact symplectomorphism in some subset
U ⊂ T ∗(R×Λ), in the sense that it preserves fixed global choices of primitives of the symplectic forms
in that subset, it is readily seen that the application of Moser’s trick can be assumed to not deform
the map inside U. The reason is that the time-differential of an interpolating path of symplectic forms
then admits a path of primitives all which vanish inside U.
In view of the above, the sought symplectomorphism Ψ can be constructed by starting with a diffemor-
phic embedding of the cotangent bundle which is equal to F±1 in the cylindrical ends. To that end, note
that these symplectomorphisms become exact for a suitable choice of Liouville form on the cotangent
bundle T ∗(R× Λ). 
Observe that there is a possibly smaller neighborhood U ′ ⊂ U of the zero-section 0R×Λ ⊂ T
∗(R × Λ)
which is preserved by the R-action
((q,q), (p,p)) 7→ ((q + t,q), (etp, etp)), t ∈ R,
on T ∗(R × Λ). This flow rescales the symplectic form by et, and corresponds to the Liouville vector
field ∂r on the convex and concave ends of (X, dη)
7.2. Explicitly defined push-offs along the ends. First, we consider the function
β+ǫ,N : R→ [−ǫ, ǫ]
shown in Figure 2 which satisfies
• ddrβ
+
ǫ,N (r) ≤ 0;
• β+ǫ,N (r) = ǫ for r ≤ N − ǫ;
• β+ǫ,N (r) = −ǫ for r ≥ N + ǫ;
• β+ǫ,N (N) = 0 and
d
drβ
+
ǫ,N(N) < 0.
We moreover require this function to satisfy
β+ǫ,N (r) := ǫβ
+((r −N)/ǫ)
for a suitable fixed smooth function
β+ : R→ [−1, 1]
satisfying β+(−r) = −β+(r).
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Second, we define the function
β−ǫ,N : R→ [−ǫ, ǫ],
β−ǫ,N (r) := β
+
ǫ,N (−r),
which is shown in Figure 3.
We also consider the function β−ǫ,N,σ : R → [−ǫ, σ] which coincides with β
−
ǫ,N outside of some compact
subset of (−N + ǫ, 0) ⊂ R, while inside (−N + ǫ, 0) it satisfies
• ddrβ
−
ǫ,N,σ(r) ≥ 0 for −N + ǫ ≤ r ≤ −N + 2ǫ;
• ddrβ
−
ǫ,N,σ(r) ≤ 0 for −ǫ ≤ r ≤ 0;
• β−ǫ,N,σ(r) = σ for −N + 2ǫ ≤ r ≤ −ǫ;
For any number s we now define the function
β−ǫ,N,s := β
−
ǫ,N +
s− ǫ
σ − ǫ
(β−ǫ,N,σ − β
−
ǫ,N ).
In the case s = σ the function is shown in Figure 4. In the following, we will only be considering this
parameter with values s ∈ [ǫ, σ].
Finally, note that the vector fields β+ǫ,N (r)Rα+ and β
−
ǫ,N,s(r)Rα− constructed above on the convex and
concave cylindrical ends of (X, dη), respectively, are both Hamiltonian vector fields.
β+ǫ,N (r)
ǫ
−ǫ
r
N − ǫ N + ǫ
N
Figure 2. On the convex end, all Lagrangian cobordisms Lǫ,N,s are obtained from L
by applying the time-1 flow of the Hamiltonian vector field β+ǫ,N (r)Rα+ .
β−ǫ,N (r)
−N − ǫ
−N
−N + ǫ
σ
ǫ
−ǫ
r
Figure 3. The function β−ǫ,N (r).
7.3. A Bott push-off. We now use the coordinates provided by the Weinstein neighborhood defined
in Section 7.1, identifying a neighborhood of L with U ⊂ (T ∗(R× Λ), dθR×Λ). In these coordinates we
can find a smooth family of functions
g˜ǫ,N : (R \ (−1, 1)) × Λ→ R
for which the sections t dg˜ǫ,N , t ∈ [0, 1], in the above Weinstein neighborhood are identified with the
corresponding time-t flow of L\X ⊂ X under the vector fields β+ǫ,N (r)Rα+ and β
−
ǫ,N,s(r)Rα− constructed
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β−ǫ,N,σ(r)
−N − ǫ
−N
−N + ǫ
−N + 2ǫ −ǫ
σ
ǫ
−ǫ
r
Figure 4. On the concave end, the exact Lagrangian cobordism Lǫ,N,σ is obtained from
L by applying the time-1 flow of the Hamiltonian vector field β−ǫ,N,σ(r)Rα− .
in Section 7.2 with s = ǫ. In these coordinates, we may moreover assume that g˜ǫ,N |[−1−δ,−1] = −ǫe
q+1,
while g˜ǫ,N |[1,1+δ] = −ǫe
q−1 − ǫ for some small δ > 0.
Finally, the above function g˜ǫ,N defined on (R \ (−1, 1)) × Λ extends smoothly to a function defined
on all of R × Λ, without introducing any critical points inside [−1, 1] × Λ. After making the latter
extension sufficiently C1-small, this finishes the construction of the sought functions g˜ǫ,N : R×Λ→ R.
Note that the critical points of these functions consist of the two critical manifolds {q = ±(N + 1)},
each of which is non-degenerate in the Bott sense and diffeomorphic to Λ.
7.4. A Morse–Bott perturbation. The push-offs t dg˜ǫ,N defined on the cylindrical ends of (X, dη)
intersect L precisely in the manifolds {±N}×Λ± contained inside the respective cylindrical end. Here
we provide a generic perturbation of the above function, making these intersections transverse.
Again consider the coordinates defined in Section 7.1. Fix a generic Morse function h : Λ→ [0, 1]. We
use h to create a C2-small perturbation of g˜ǫ,N which near the critical manifold {q = ±(N + 1)} takes
the form
g˜ǫ,N + ǫ
10ρ(q ∓ (N + 1))h : R× Λ→ R.
Here ρ : R→ [0, 1] is a fixed smooth bump-function that is equal to 1 in some neighborhood of 0, while
its support is contained inside (−ǫ3, ǫ3) ⊂ R. It follows that these perturbations have support contained
in the subsets {|q ∓ (N + 1)| ≤ ǫ3}.
Finally, the produced perturbation of g˜ǫ,N is our sought Morse function gǫ,N : R× Λ→ R.
Remark 7.2. Recall that the above construction is an instance of the standard technique used in order
to obtain a Morse function by perturbing a Morse–Bott function: roughly speaking, add a Morse function
on the critical manifold to the Morse-Bott function.
7.5. The “bulge” inside the concave end. Note that the construction of Lǫ,N,s now is complete in
the case when s = ǫ. In order to finish the construction, what remains is thus the cases s ∈ [ǫ, σ]. Recall
that these cobordisms all agree outside of the subset {−N + ǫ ≤ r ≤ −ǫ} by construction. Inside the
latter subset, we prescribe Lǫ,N,s to be equal to the time-1 map of L under the flow of the Hamiltonian
vector field βǫ,N,sRα− as constructed in Section 7.2. Note that the whole cobordism Lε,N,s obtained
this way is Hamiltonian isotopic to L. This finishes the construction.
8. Proof of Theorem 1.3
In this section we prove our main theorem. This is done by studying the Lagrangian Floer homology
of a pair of cobordisms (Section 3) together with the technique of splashing (Section 6). The pair
of Lagrangians that we start with consists of the concordance L from Λ− to Λ, together with its
Hamiltonian deformation Lǫ,N,s as constructed in Section 7. The latter is a Lagrangian concordance
from Λǫ− to Λ
ǫ, two Legendrians obtained by applying the time-(−ǫ) Reeb flow to Λ− and Λ, respectively.
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8.1. Passing to an indefinite contact Hamiltonian. First we must replace the given contact Hamil-
tonian Ht with one which is indefinite, in the sense that Ht attains the value zero for all t ∈ [0, 1].
For a given contact isotopy φtα,Ht : (Y, ξ) → (Y, ξ), taking a suitable family ct of constant functions
as described Lemma 2.3, this indefiniteness is satisfied for the contact Hamiltonian that generates the
composition
φ−CtRα ◦ φ
t
α,Ht = φ
t
α,−ct+Ht◦φ
Ct
Rα
for Ct :=
∫ t
0
ctds.
In order to see that we may replace Ht by the latter indefinite contact Hamiltonian −ct+Ht ◦φ
Ct when
proving Theorem 1.3, we note the following elementary result:
Lemma 8.1. (1) Since the Reeb flow φtRα preserves the contact form α, the numbers A and B
associated to the contact isotopies
φ−CtRα ◦ φ
t
α,Ht and φ
t
α,Ht ,
as well as their oscillatory norms coincide; and
(2) For a ≤ b, there is a bijection between the subsets
Qα(Λ, φ
−C1
Rα
◦ φ1α,Ht(Λ); a− C1, b− C1) and Qα(Λ, φ
1
α,Ht(Λ); a, b),
of Reeb chords.
From now on, we will therefore assume Ht to be indefinite in the above sense.
8.2. Fixing constants. Recall the strict Inequality (1.4) in the assumptions of the theorem:
0 < eA‖H‖osc < σ(Λ−, α−).
The parameters s ∈ [ǫ, σ] and N > 0 in the construction of the Hamiltonian push-offs Lǫ,N,s will be
chosen so that the following properties hold.
First we fix σ ≥ ǫ and δ > 0 for which
(8.2) 0 < eA+2δ‖H‖osc < σ < σ(Λ−, α−)
is satisfied, and where δ > 0 is sufficiently small.
Second, we shrink ǫ > 0, so that it becomes shorter than the length of the smallest Reeb chord from
Λ to itself (see Lemma 8.4 which requires a bijection between the set of Reeb chords from Λ− to itself
with the set of Reeb chords from Λ− to Λ
ǫ
−) and so that we have
(8.3) σ < e−2ǫ(σ(Λ−, α−)− ǫ).
8.3. The homotopy class of “contractible” chords. We now need to pinpoint a distinguished
connected component of the space Π(X;L,Lǫ,N,s) of paths in X with starting point in L and endpoint
in Lǫ,N,s. Denote by p0 ∈ π0(Π(X;L,Lǫ,N,s)) the component of paths from L to Lǫ,N,s containing the
Hamiltonian chord
[0, ǫ] ∋ t 7→ (−N − 2ǫ, φ−ter (x)) ∈ (−∞, 0]× Y− ⊂ X, x ∈ Λ−.
This Hamiltonian chord lives in the concave end and has endpoints on the cylinder over Λ− ∪ Λ
ǫ
−; in
fact, it corresponds to a very short α−-Reeb chord from Λ
ǫ
− to Λ−, but traversed in reverse time. The
following relationship between Reeb chords from Λ− to itself and Reeb chords from Λ− to Λ
ǫ
− holds.
Lemma 8.4. There is a bijective correspondence between the Reeb chords
[0, ℓ] ∋ t 7→ φtα−,1(x), x ∈ Λ−, φ
ℓ
α−,1(x) ∈ Λ−,
from Λ− to itself of length ℓ > 0, and
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(1) the Reeb chords
[0, ℓ − ǫ] ∋ t 7→ φtα−,1(x), x ∈ Λ−, φ
ℓ−ǫ
α−,1
(x) ∈ Λǫ−,
from Λ− to Λ
ǫ
− of length ℓ− ǫ. Furthermore, the former chord is trivial inside π1(Y−,Λ−) if and
only if the latter chord is contained in the class p0 ∈ π0(Π(X;L,Lǫ,N,s)) under the canonical
embedding Y− = {−N − 2ǫ} × Y− ⊂ X, and
(2) the Reeb chords
[0, ℓ + ǫ] ∋ t 7→ φtα−,1(x), x ∈ Λ
ǫ
−, φ
ℓ+ǫ
α−,1
(x) ∈ Λ−,
from Λǫ− to Λ− of length ℓ + ǫ. Furthermore, the former chord is trivial inside π1(Y−,Λ−) if
and only if the latter chord is contained in the class p−10 ∈ π0(Π(X;Lǫ,N,s, L)) (i.e. inverting
the time of the paths in class p0) under the canonical embedding Y− = {−N − 2ǫ} × Y− ⊂ X.
The proof is straightforward; see Figure 5 for an illustration.
Lemma 8.5. (1) Any intersection point L ∩ Lǫ,N,s contained outside of the subset {|r ± N | ≥ ǫ}
is contained in the region [−N + ǫ,−ǫ] × Y of the “bulge.” (See Figure 4.) There is a one-
to-two correspondence between the Reeb chords from Λǫ− to Λ− of length ǫ < ℓ < s + ǫ and
such intersection points; one is contained near r = −N + ǫ while one is contained near r = 0.
When considered as paths inside Π(X;Lǫ,N,s, L) (note the order!), these intersection points and
corresponding chords moreover live in the same component.
(2) For numbers s satisfying s ∈ [ǫ, σ], there is no intersection point
L ∩ Lǫ,N,s ∩ {|r ±N | ≥ ǫ}
contained in the component p0 ∈ π0(Π(X;L,Lǫ,N,s)).
The correspondence of the above lemma is schematically depicted in Figure 6.
Proof. (1): This follows from the construction of Lǫ,N,s in Section 7.2. Namely, the cobordism Lǫ,N,s
is obtained from L by creating a “bulge” in the region [−N + ǫ,−ǫ] × Y, where this bulge is created
by an application of the positive Reeb flow up to time at most equal to s. Using this fact it is now
an easy matter to homotope the constant path at such an intersection point to a Reeb chord inside
{−N − ǫ} × Y− going from {−N − ǫ} × Λ
ǫ
− to {−N − ǫ} × Λ− and being of of length > ǫ.
(2): The statement follows from Part (1) of this lemma combined with Part (2) of Lemma 8.4 above. 
−2N
R× Λǫ−
R× Λǫ−
R× Λ−
R× Λ−
r
c′ c
d
Figure 5. The correspondence between the Reeb chords provided by Lemma 8.4: the
Reeb chord c on Λ− corresponds to a chord c
′ from Λ− to Λ
ǫ
−. The chord d of length ǫ from
Λǫ− to Λ− lives in the component p0 ∈ π0(Π(X;L,Lǫ,N,s)) when traversed backwards in
time.
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−N + ǫ 0
R× Λǫ−
R× Λǫ−
R× Λ−
R× Λ−
c
c1 c2
d d1 d2
r
Figure 6. The correspondence between the Reeb chords provided by Lemma 8.5. For
every Reeb chord c from Λǫ− to Λ− of a (suitably) bounded length, there are precisely
two corresponding intersection points c1 and c2 in the bulge region; one is contained
near r = −N + ǫ while one is contained near r = 0.
8.4. Fixing the actions of the Hamiltonian chords. Recall the action conventions from Section
2.6, where an action is associated to the primitives of the one-form ϕη pulled back to the two Lagrangian
cobordisms. Here ϕ : X → R>0 is a choice of an auxiliary piecewise smooth function. In order to get
optimal results, we need to be careful when choosing this function. We will take the Hofer function ϕ
to be constantly equal to 1 on X, while it takes the values
(8.6) ϕ(r) =

e−r−2ǫ, r ≤ −N − ǫ,
eN−ǫ, −N − ǫ ≤ r ≤ −N + ǫ,
e−r, −N + ǫ ≤ r ≤ 0,
1, 0 ≤ r ≤ N + ǫ,
e−r+N+ǫ, r ≥ N + ǫ,
on the cylindrical ends. In other words, with the notation from Definition 2.8, we have the associated
constant rϕ = 2ǫ. It now follows from Lemma 8.4 that:
Lemma 8.7. We have an equality
~ = ~(ϕ, p0,Λ−,Λ
ǫ
−, α−) = e
−2ǫ(σ(Λ−, α−)− ǫ),
where the left-hand side was defined in equation (3.9).
Although the continuous function ϕ only is piecewise smooth, such a function is sufficient for our
purposes: recall that pseudoholomorphic curves have positive d(ϕη)-energy by Lemma 3.5. To that
end, we must use an admissible almost complex structure in the sense of Section 3.1, which in particular
is cylindrical in the complement of the subset {ϕ′(r) = 0} of the cylindrical ends.
We will use d(ϕη)-energy (resp. dη-energy) and the aϕ-action (resp. a-action) of Floer generators, in
order to obstruct the existence of certain pseudoholomorphic curves when we prove Lemma 8.12 and
Proposition 8.22.
Fix s ∈ [ǫ, σ] and choose primitives f0 and f1 of the pull-backs of η to L and Lǫ,N,s, respectively, and
primitives fϕ0 and f
ϕ
1 of the pull-backs of ϕη to L and Lǫ,N,s, respectively. All primitives here are
required to vanish at r = −∞, and they are thus uniquely determined. In the following we will also
assume that
f0 = f
ϕ
0 ≡ 0
outside of the non-cylindrical part X (i.e. this equality in particular holds inside the subset where all
intersection points reside) which, in view of Lemma 2.11, causes no restriction. Now we estimate the
actions defined in Section 2.6 for the 0-Hamiltonian chords using the above primitives.
Lemma 8.8 (The main action computation). Let O(ǫ) > o(ǫ) > 0 be fixed, but unspecified, positive
functions of ǫ,N , defined for all N, ǫ ≥ 0, that tend to 0 as ǫ → 0 for any fixed choice of N > 0. Let
p, q ∈ L ∩ Lǫ,N,s be 0-Hamiltonian chords. Let s ≥ ǫ. Under the assumption that N > 0 is sufficiently
large and ǫ > 0 is sufficiently small, we may assume the following:
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(1) For p near {r = −N},
−O(ǫ) < a(p) < 0 and −O(ǫ) < aϕ(p) < 0;
(2) For p near {r = N},
o(ǫ) < aϕ(p) < O(ǫ) and |a(p)− s| < O(ǫ);
(3) Inside the subset [0, N−ǫ]×Y both potentials f1, f
ϕ
1 : L1 → R are constant, where they moreover
satisfy
0 < fϕ1 <
1
2
o(ǫ), and s−O(ǫ) < f0 − f1 < s+O(ǫ).
Proof. For i = 1, respectively i = 2, let pi be a 0-Hamiltonian chord sitting in the contact slice {r = ri}
in the concave, respectively convex, end. The Morse–Bott perturbation in Section 7.4 used to produce
Lǫ,N,s implies that |ri − (−1)
iN | < ǫ3. Moreover, to within an error bounded by
||gǫ,N,s − g˜ǫ,N,s||C1 +
∫ ±N+ǫ3
r=±N−ǫ3
|erβ′(r)max{ϕ(r), 1}|dr < ǫ2
a(pi) and aϕ(pi) have the following integral approximations:
a(pi) ≈ −
∫ (−1)iN
−∞
erβ′ǫ,N,s(r)dr, aϕ(pi) ≈ −
∫ (−1)iN
−∞
erϕ(r)β′ǫ,N,s(r)dr.
Here we use that both primitives f0 and f
ϕ
0 on L vanish identically in the region containing the
intersection points (in fact, everywhere outside of X), together with Lemma 2.9 for the computation
of the potentials on L1.
We make several observations to obtain the required estimates. First,
supp(β′ǫ,N,s) ⊂ [−N − ǫ,−N + 2ǫ] ∪ [−ǫ, 0] ∪ [N − ǫ,N + ǫ].
Second,∣∣∣∣∣
∫ r′0
r0
β′ǫ,N,s(r)dr
∣∣∣∣∣ = |βǫ,N,s(r′0)− βǫ,N,s(r0)| =
{
ǫ , if (r0, r
′
0) ∈ {(±N − ǫ,±N), (±N,±N + ǫ)} ,
s− ǫ , if (r0, r
′
0) ∈ {(−N + ǫ,−N + 2ǫ), (−ǫ, 0)}.
Third, on any such interval (r0, r
′
0), all factors I(r) in front of the β
′
ǫ,N,s(r)-term in the integrand are
monotonic; thus,
−I(ri)(βǫ,N,s(r
′
0)− βǫ,N,s(r0)) ≤ −
∫ r′0
r0
I(r)β′ǫ,N,s(r)dr
≤ −I(rj)(βǫ,N,s(r
′
0)− βǫ,N,s(r0))
where r0 = ri < rj = r
′
0 or r0 = rj < ri = r
′
0.
We apply these observations (along with the error bounds on the approximations) to several integral
computations to deduce the inequalities of the lemma. As we will see below, the lower bound for aϕ(p2)
will motivate setting
(8.9) o(ǫ) = (−e−ǫ − e0 + eN−3ǫ)ǫ− ǫ2
which we claim is positive because we can assume without loss of generality that N − 3ǫ ≥ 1 and
−2 + e1 > ǫ. We omit the precise exponential-polynomial formulation of O(ǫ) in terms of ǫ,N, since
O(ǫ) only appears as an upper bound (in magnitude). The (±ǫ2)-terms included below will cover the
integral approximations made above.
The bounds for a(p1) follow from
−ǫ2 > −e−N−ǫǫ > −
∫ −N
−N−ǫ
erβ′ǫ,N,s(r)dr > −e
−N ǫ > −O(ǫ) + ǫ2.
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The bounds for aϕ(p1) follow from
−ǫ2 > −e−2ǫǫ > −
∫ −N
−N−ǫ
erϕ(r)β′ǫ,N,s(r)dr > −e
−ǫǫ > −O(ǫ) + ǫ2.
The bounds for a(p2) follow from
s− 12O(ǫ)− ǫ
2 > (s − ǫ)(e0 − e−N+ǫ) >
−
(∫ −N+2ǫ
−N+ǫ +
∫ 0
−ǫ
)
erβ′ǫ,N,s(r)dr > (s − ǫ)(e
−ǫ − e−N+2ǫ) > s−O(ǫ)
together with
1
2
O(ǫ) > (−e−N−ǫ − e−N + eN )ǫ
> −
(∫ −N
−N−ǫ
+
∫ −N+ǫ
−N
+
∫ N
N−ǫ
)
erβ′ǫ,N,s(r)dr
> (−e−N − e−N+ǫ + eN−ǫ)ǫ > ǫ2.
The bounds for aϕ(p2) follow from
0 = −
(∫ −N+2ǫ
−N+ǫ
+
∫ 0
−ǫ
)
erϕβ′ǫ,N,s(r)dr
together with
O(ǫ)− ǫ2 > (−e−2ǫ − e−ǫ + eN−2ǫ)ǫ
> −
(∫ −N
−N−ǫ
+
∫ −N+ǫ
−N
+
∫ N
N−ǫ
)
erϕ(r)β′ǫ,N,s(r)dr
> (−e−ǫ − e0 + eN−3ǫ)ǫ = o(ǫ) + ǫ2.
First we note that, since β′|[0,N−ǫ] = 0, the claim made in Part (3) that the potentials f1 and f
ϕ
1 are
constant in the concerned region holds.
To compute the bounds, we use the same integration estimates as for a(p2) and aϕ(p2) above, except
that we omit the fifth (last) integral as it occurs when r > N − ǫ. We see that for 0 ≤ r ≤ N − ǫ,
s+O(ǫ) > (s− ǫ)(e0 − e−N+ǫ) + (−e−N−ǫ − e−N )ǫ+ ǫ2
> −(f1 − f0)(r)
> (s− ǫ)(e−ǫ − e−N+2ǫ) + (−e−N − e−N+ǫ)ǫ− ǫ2 > s−O(ǫ),
as well as
0 > (−e−2ǫ − e−ǫ)ǫ+ ǫ2 > −(fϕ1 − f
ϕ
0 )(r)
> (−e−ǫ − e0)ǫ− ǫ2 > −
1
2
o(ǫ).
The last inequality holds for sufficiently large N in (8.9) and all arbitrarily small ǫ > 0. Plugging in
fϕ0 = 0 = f0 gives the answer. 
Since ~ is independent of ǫ and N from Lemma 8.8, after possibly shrinking ǫ > 0, we can assume that
O(ǫ) in Lemma 8.8 satisfies
(8.10) 2O(ǫ) < ~.
Further, by using Part (3) of Lemma 8.8 together with Inequality (8.2), and after possibly shrinking
δ > 0, we may moreover assume that
(8.11) eA+2δ‖H‖osc < σ −O(ǫ) < (f0 − f1)|[0,N−ǫ]×Y < σ +O(ǫ)
is satisfied when ǫ > 0 is sufficiently small and s = σ (that is, when f1 is the primitive of the pull back
of η to Lǫ,N,s = Lǫ,N,σ).
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8.5. The Floer homology of the push-off. By Lemma 8.5 we conclude that
CF p0∗ (L,Lǫ,N,s; 0, J) = C
−
∗ ⊕ C
+
∗
holds for all ǫ ≤ s ≤ σ, where C+∗ , resp. C
−
∗ , denotes the vector subspace generated by the intersection
points at the convex, resp. concave, end. Recall the superscript introduced in Section 3.3 which
indicates that the generating intersection points lie in the same contractible homotopy class. Also,
recall the choice of Morse function h : Λ→ [0, 1] made in Section 7.4. By the construction of Lǫ,N,σ in
the same section, there is an isomorphism C−∗ = C
+
∗−1 = C
Morse
∗ (h) of graded vector spaces induced by
a canonical identification of the generators.
Lemma 8.12 (Identifying Floer and Morse homology). Using the above canonical identification of
generators, the Floer complex(
CF p0∗ (L,Lǫ,N,σ; 0, Jt) = C
−
∗ ⊕ C
+
∗ , d =
(
d− 0
ψ d+
))
is well-defined, has homotopy class independent of the choice of admissible almost complex structure, and
is given as an acyclic mapping cone of ψ (the acyclicity is equivalent to ψ being a quasi-isomorphism).
Moreover, there are homotopy equivalences
(C−∗ , d−) ∼ (C
Morse
∗ (h), ∂h) and (C
+
∗−1, d+) ∼ (C
Morse
∗ (h), ∂h)
of the respective quotient and subcomplexes and the Morse homology complex of Λ.
Proof. Inequality (8.10) and Parts (1) and (2) of Lemma 8.8 imply that, for sufficiently small ǫ > 0,
and for any generators p, q ∈ CF p0∗ (L,Lǫ,N,s; 0, Jt), s ∈ [ǫ, σ], the inequality
|aϕ(p)− aϕ(q)| < ~
is satisfied. Here we also rely on Lemma 8.5 in order to infer that
CF p0∗ (L,Lǫ,N,s; 0, Jt) = C
−
∗ ⊕ C
+
∗
holds on the level of vector spaces. Consequently, Part (1) of Proposition 3.20 applies, showing that
CF p0∗ (L,Lǫ,N,s; 0, Jt), s ∈ [ǫ, σ],
are well defined Floer complexes for generic admissible almost complex structures.
The cone-structure of the complexes now follows from Parts (1) and (2) of Lemma 8.8 combined with
Lemma 3.5. Specifically, for any two generators p± ∈ C
±
∗ ,
aϕ(p+)− aϕ(p−) > 0.
Recall from Section 7.1, for s sufficiently close to ǫ, Lǫ,N,s is a graphical Lagrangian which sits in a
Weinstein tubular neighborhood of L symplectomorphic to T ∗L. So for sufficiently small ǫ and s, we can
use Floer’s original work which proves that the pseudoholomorphic strips (for a suitable time-dependent
Jt) with boundary on L and Lǫ,N,s converge to gradient flow lines for a suitable metric on L [25]. To
understand the underlying Morse complexes, recall the construction of g˜ and its close perturbation g.
From standard Morse–Bott analysis (see [19, Proposition 1.9], for example), the negative gradient flows
of g leave the critical level sets {q = ±(N +1)} = {r = ±N}∩L invariant. Moreover, no such negative
gradient flows run from {q = −(N +1)} to {q = +(N +1)}. Thus the result holds for sufficiently small
ǫ and s (and suitable J).
Next consider an arbitrary admissible almost complex structure (see Section 3.1) and an arbitrary Lǫ,N,s,
s ∈ [ǫ, σ] as in the statement of the lemma. Floer’s computation is valid after a suitable compactly
supported deformation of this almost complex structure and for s = ǫ. Using the invariance properties
of the Floer complex we will deduce the statement for an arbitrary s ∈ [ǫ, σ] as well as a general
admissible almost complex structure.
The family Lǫ,N,s, s ∈ [ǫ, σ], of Lagrangian cobordisms is generated by a Hamiltonian isotopy by their
construction in Section 7. Note that, according to Lemma 8.5, no births/deaths of intersection points
L ∩ Lǫ,N,s corresponding to chords in the homotopy class p = 0 occur during this isotopy. Thus, we
can continue to identify the vector spaces of 0-Hamiltonian chords as C±∗ . Part (2) of Proposition 3.20,
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proven using bifurcation analysis, now shows that the homotopy class of the complexes is invariant.
(Here we make use of the fact that the Hamiltonian is compactly supported, and that the Lagrangians
are cylindrical outside of a compact subset, in order to obtain a well-defined identification of the
“homotopy class” of an intersection point.)
Finally, by Stokes’ theorem together with (1) and (2) of Lemma 8.8, no handle-slide strip in the
bifurcation analysis can originate from a generator of C+∗ and terminate at a generator of C
−
∗ . The
aforementioned chain homotopy equivalence thus descends to a homotopy equivalence on the sub and
quotient complexes, as claimed. 
8.6. Action properties when applying Usher’s trick. Given the contact Hamiltonian Ht : Y → R
and the constant A ≥ 0 in the assumption (see Equation (1.2)), Proposition 5.1 produces an associated
Hamiltonian Gt : X → R for which φ
1
Gt
(L) and φ1erHt(L) have coinciding images in the subset [A +
δ/2, A + 3δ/2] × Y. In particular, both of these images are cylinders over φ1α,Ht(Λ) in that subset.
LetM± be as defined as in (1.2). Recall the choice of a small number δ > 0 made above (see Inequalities
(8.2) and (8.11)) and denote
(8.13) M− := e
2δM− < 0 < e
2δM+ =: M+.
The Hamiltonian Gt : X → R may be assumed to satisfy
(8.14) M− < −
∫ 1
0
max
x∈X
Gt dt ≤ −
∫ 1
0
min
x∈X
Gt dt < M+
according to Proposition 5.1.
Here we investigate properties of the action of the generators of the Floer complex when the latter
Hamiltonian is turned on.
Lemma 8.15. The primitives f0, f
ϕ
0 : φ
1
Gt
(L)→ R of the pull backs of η and ϕη, respectively, to φ1Gt(L),
both vanish in the complement of the subset
[0, A+ δ/2] × Y ∪ [A+ 3δ/2, N − 2ǫ]× Y,
given that the primitives are chosen to vanish at r = −∞. (Recall that the support of Gt can be assumed
to be contained inside [0, N − 2ǫ] when N ≫ 0 is sufficiently large; see Proposition 5.1.)
Proof. First we recall that the corresponding primitives f0, f
ϕ
0 : L→ R both vanish identically.
We compute the change in these primitives under the Hamiltonian isotopy φtGt in the following manner.
By using Cartan’s formula
d
dt
(φtGt)
∗(erα) = d(ιXte
rα) + ιXtd(e
rα) = d(ιXte
rα)− dGt,
the new primitives can be obtained by integrating the variable t of the function ιXte
rα−Gt.
Outside of [0, N − 2ǫ]× Y we have Gt ≡ 0 by construction, and the statement is an easy consequence.
For the image
φ1Gt(L) ∩ [A+ δ/2, A + 3δ/2] × Y
we argue as follows. Any p ∈ L for which φ1Gt(p) ∈ [A+ δ/2, A + 3δ/2] × Y satisfies the property that
Gt ◦ φ
t
Gt(p) = e
rKt ◦ φ
t
erKt(p), t ∈ [0, 1],
by the construction in Section 5 (in particular, see Part (2) of Proposition 5.1). At such a point p ∈ L,
the above application of Cartan’s formula thus tells us that the infinitesimal change of the primitive is
given by
ιXte
rα− erKt = 0
since ιXtα = Kt (recall that Kt : Y → R is a contact Hamiltonian). 
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8.7. Turning on the splashing. In this section we introduce the splashing construction from Section
6.2. Recall that φ1Gt(L) and Lǫ,N,σ both are cylindrical and disjoint inside [A + δ/2, A + 3δ/2] × Y ,
each intersecting the hypersurface {A}×Y of contact type in a Legendrian submanifold. The splashing
construction will be performed inside the cylindrical piece
([A+ δ/2, A + 3δ/2] × Y, d(erα)) ⊂ (X, dη)
of the symplectization using the data 
T = A+ 2δ/2,
3ε = δ/2,
L0 = φ
1
Gt
(L),
L1 = Lǫ,N,σ,
Z+ > M+ > 0,
Z− < M− < 0.
Recall the Hamiltonian hSpl := hSplε,Z−,Z+ : X → R obtained in Section 6.2 which realizes the splashing.
We can assume this Hamiltonian to be arbitrarily small in the uniform C0-norm, and supported inside
[A+ δ/2, A + 3δ/2] × Y
Lemma 8.16. There exists a Hamiltonian G˜t : X → R with support contained in [0, N−ǫ]×Y satisfying
LSpl := φ1
G˜t
(L) = φ1hSpl ◦ φ
1
Gt(L),∣∣∣∣∫ 1
0
max G˜tdt−
∫ 1
0
maxGtdt
∣∣∣∣ < ν/2,∣∣∣∣∫ 1
0
min G˜tdt−
∫ 1
0
minGtdt
∣∣∣∣ < ν/2,
for any choice of ν > 0. In particular ∣∣∣‖G˜t‖osc − ‖Gt‖osc∣∣∣ < ν.
Proof. The Hamiltonian G˜t is constructed as follows. First, it causes no restriction to assume that Gt
vanishes identically near t = 0, 1; this can be done with an arbitrarily small effect on the Hofer norm.
Second, we may replace hSpl by a non-autonomous Hamiltonian hSplt also vanishing identically near
t = 0, 1; this can be done while still having an arbitrarily small Hofer norm. Finally, we consider the
concatenation
G˜t =
{
2G2t, 0 ≤ t ≤ 1/2,
2hSpl, 1/2 ≤ t ≤ 1,
for which
LSpl := φ1
G˜t
(L) = φ1
hSplε
◦ φ1Gt(L)
is satisfied. 
Although CF p0∗ (L,Lǫ,N,σ; G˜t) may not be a chain complex due to “unwanted bubbling," it still defines
a vector space whose generators have an associated action. Fix the choice of action induced by ϕη,
where ϕ : X → R≥0 is as defined in Equality (8.6). With such an action one defines the Floer complex
C∗ := CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
with generators in the action range [M−,M+), as described in Section 3.3. Note that this indeed is a
well-defined complex by Proposition 3.12, which follows since (8.13), (1.2), (8.2), (8.3), and Lemma 8.7
(in this very order) combine to give
(8.17) M+ −M+ = e
2δ(M+ −M−) = e
A+2δ||Ht||osc < σ < ~.
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Since the initial intersection points Lǫ,N,σ ∩L all lie outside of the support of Gt (see Proposition 5.1),
and hence also outside of the support of G˜t (see Lemma 8.16), these intersections all remain, forming
a subset of the generators of CF p0∗ (L,Lǫ,N,σ; G˜t)
M+
M−
. In other words, there are inclusions
C±∗ ⊂ C∗
on the level of vector spaces.
We define the “left” L∗, “right” R∗, and “intersection” I∗ vector subspaces as follows.
• L∗ ⊂ C∗ is generated by those chords (in the appropriate action range) corresponding to the
intersection points
LSpl ∩ Lǫ,N,σ ∩ {r ≤ T + ε},
and thus in particular C−∗ ⊂ L∗;
• R∗ ⊂ C∗ is generated by those chords (again in the appropriate action range) corresponding to
the intersection points
LSpl ∩ Lǫ,N,σ ∩ {r ≥ T − ε},
and thus in particular C+∗ ⊂ R∗;
• I∗ := L∗ ∩R∗ ⊂ C∗.
Here we have made heavy use of the naturality, as described in Section 3.6.
Lemma 8.18. For admissible J ∈ J (L,Lǫ,N,σ, ϕλ) with λ ≫ 0 sufficiently large, L∗, R∗ are subcom-
plexes of C∗. For small enough constants ǫ, δ, ν > 0, there is a bijective correspondence between the
generators of I∗ and the Reeb chords inside
Qα(φ
1
α,Ht(Λ),Λ;M−,M+) = Qα(Λ, φ
1
α,Ht(Λ);−M+,−M−)
(c.f. Remark 1.1).
Remark 8.19. The intersection complex I∗ = L∗ ∩ R∗ is related to the Rabinowitz–Floer homology
complex as first defined in [16] by Cieliebak–Frauenfelder in the non-relative case, and later in [41], [42]
by Merry in the relative case.
Proof. Again we will implicitly make use of the naturality property from Section 3.6. Two crucial
identities that we need are that
φ1Gt(L) ∩ [A+ δ/2, A + 3δ/2] × Y = [A+ δ/2, A + 3δ/2] × φ
1
α,Ht(Λ),
Lǫ,N,σ ∩ [A+ δ/2, A + 3δ/2] × Y = [A+ δ/2, A + 3δ/2] × Λ
ǫ,
both are cylindrical inside [A+ δ/2, A+3δ/2]×Y, the first one being a consequence of Proposition 5.1.
Consider the primitives f
ϕ
0 and f
ϕ
1 = f
ϕ
1 of ϕη pulled back to φ
t
Gt
(L) and Lǫ,N,σ, respectively. We
have f
ϕ
0 ≡ 0 inside [A+ δ/2, A + 3δ/2] × Y by Lemma 8.15, while Part (3) of Lemma 8.8 implies that
0 < fϕ1 <
1
2o(ǫ). Recall that we set Ci := f
ϕ
i (T ) in Section 6.1, where T = A + 2δ/2 was specified at
the beginning of this subsection. Since C0 = 0 and 0 < C1 <
1
2o(ǫ), the assumptions of Proposition 6.5
are satisfied for the constants Z± chosen at the beginning of this subsection when λ≫ 0 is sufficiently
large. The claim concerning the subcomplex property then follows from Proposition 6.5.
The bijection between the relevant generators and the Reeb chords inside Qα(φ1α,Ht(Λ),Λ;M+,M−)
finally follows from Lemma 6.4. (Note that the splash is performed to φ1Gt(L) inside [A + δ/2, A +
3δ/2] × Y, i.e. to the cylinder over φ1α,Ht(Λ).) Since our set-up is generic, see Section 1.1, there is an
interval (e−AM+, e
−AM+ + µ) (resp. (e
−AM− − µ, e
−AM−)), for µ > 0 sufficiently small (but possibly
large compared to δ), which contains no length of a Reeb chord from Λ to φ1α,Ht(Λ) (resp. from φ
1
α,Ht
(Λ)
to Λ). 
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Since Lemma 8.18 implies that I∗ is a subcomplex of both L∗ and R∗, in combination with L∗+R∗ = C∗,
we get the short exact sequence whose maps are induced by inclusions
(8.20) 0→ I∗ → L∗ ⊕R∗ → C∗ → 0.
Recall the definition of Φ
0,G˜t
and Φ
G˜t,0
induced by the Hamiltonian G˜t in Section 3.3.
Lemma 8.21. The maps
Φ
0,G˜t
: CF p0∗ (L,Lǫ,N,σ; 0)→ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
,
Φ
G˜t,0
: CF p0∗ (L,Lǫ,N,σ; G˜t)
M+
M−
→ CF p0∗ (L,Lǫ,N,σ; 0),
are well-defined chain maps, whose composition ΦG˜t,0 ◦ Φ0,G˜t is chain homotopic to the identity.
Proof. Let m′± := ±O(ǫ) and m± := M±.With (8.14) and Lemma 8.16 we now see that, for sufficiently
small ν > 0 (defined in Lemma 8.16), there exists a sufficiently small ǫ > 0 such that the constants
m− ≤ m
′
− ≤ m
′
+ ≤ m+ satisfy the hypotheses of Proposition 3.13. (Here the Hamiltonian Gt of
that proposition is replaced with G˜t of this section.) The claims are now direct consequences of this
proposition. 
Denote by C≥0∗ the vector subspace spanned by all generators of C∗ contained outside of the concave
end. We have a canonical decomposition
C∗ = C
−
∗ ⊕ C
≥0
∗
as vector spaces.
Proposition 8.22. For a suitable admissible almost complex structure,
C+∗ ⊂ C
≥0
∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
is a sequence of subcomplexes satisfying the following properties:
(1) Φ
0,G˜t
(C+∗ ) ⊂ C
+
∗ and ΦG˜t,0(C
+
∗ ) ⊂ C
+
∗ ;
(2) ΦG˜t,0|C+∗ is a left-sided homotopy inverse of Φ0,G˜t |C+∗ which induces an isomorphism on the
homology level; and
(3) Φ
G˜t,0
(C≥0∗ ) ⊂ C
+
∗ .
Proof. The claim that the vector subspace
C+∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
in fact is a subcomplex will be proven together with Part (1) below, while the claim that the vector
subspace
C≥0∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
is a subcomplex will be proven together with Part (3) below.
In the following we will consider the primitives f˜ϕ0 and f˜
ϕ
1 = f
ϕ
1 of ϕη pulled back to φ
t
G˜t
(L) and Lǫ,N,σ,
respectively. Note that f˜ϕ0 coincides with the primitive f
ϕ
0 of ϕη pulled back to φ
t
Gt
(L) outside of the
“splashing region,” i.e. [A+ δ/2, A + 3δ/2] × Y.
(1): Let p be a generator of C+∗ . By Parts (2) and (3) of Lemma 8.8, together with Lemma 8.15, the
constants C1 := f˜
ϕ
1 (N −2ǫ) <
1
2o(ǫ) and C0 := f˜
ϕ
0 (N −2ǫ) = 0 satisfy aϕ(p)− (C1−C0) > (1−
1
2)o(ǫ).
Since both f˜ϕi , i = 0, 1, are constant inside [N−2ǫ,N−ǫ], we can stretch the neck at {N−2ǫ ≤ r ≤ N−ǫ}
to define ϕλ as in Formula (6.1).
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Note that this stretching imposes a specific construction of the almost complex structure in {N − 2ǫ ≤
r ≤ N−ǫ}. However, the transversality arguments of Proposition 3.8 still hold since all pseudoholomor-
phic strips that intersect {N − 2ǫ ≤ r ≤ N − ǫ} also must limit to their Hamiltonian chords contained
somewhere outside of this region. The latter subset is where the generic perturbation carried out by
Proposition 3.8 can be taken to occur.
After the neck stretching, Lemma 6.2 shows that aϕλ(p) can be assumed to be arbitrarily large for the in-
tersection points p that generate C+∗ as a vector subspace of CF
p0
∗ (L,Lǫ,N,σ; 0) (resp. CF
p0
∗ (L,Lǫ,N,σ; G˜t)
). (Note that we first fix o(ǫ) > 0, and hence all the other parameters involved in the construction,
such as δ etc. Then we increase λ arbitrarily high.) Let q be an arbitrary generator of the orthogonal
complement of C+∗ in CF
p0
∗ (L,Lǫ,N,σ; G˜t) (resp. CF
p0
∗ (L,Lǫ,N,σ; 0)). Note that aϕλ(q) = aϕ(q). So
Proposition 3.19 with ϕ˜ = ϕλ can be applied to show that, for sufficiently large λ, there are no strips
which contribute to 〈Φ
0,G˜t
(p), q〉 (resp. 〈Φ
G˜t,0
(p), q〉 ) .
(2): Recall Lemma 8.21, which is based upon Proposition 3.13, by which the composition ΦG˜t,0 ◦Φ0,G˜t
is chain homotopic to the identity. The same stretching argument as in the proof of Part (1) above
shows that the Floer continuation homotopies in fact restrict to C+∗ . In other words, the composition
Φ
G˜t,0
|C+∗ ◦Φ0,G˜t |C+∗ of restrictions is also homotopic to the identity map IdC+∗ .
The same stretching argument, combined with the invariance result Proposition 3.20 in terms of bifur-
cation analysis, shows that the homology of the subcomplex
C+∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
is isomorphic to the homology of the subcomplex
C+∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; 0)
M+
M−
.
Since a left-inverse of a map between equidimensional vector spaces is an inverse, the isomorphism on
the level of homology follows.
(3): Now we need to consider the primitives f˜0 and f˜1 of η pulled back to φ
1
G˜t
(L) and Lǫ,N,σ, respectively.
Part (2) of Remark 2.13 allows us to apply Part (3) of Lemma 8.8 and Inequality (8.11) in order to
obtain
−(f˜1(N − ǫ)− f˜0(N − ǫ)) > e
A+2δ‖Ht‖osc > −(f˜
ϕ
1 (N − ǫ)− f˜
ϕ
0 (N − ǫ)) + e
A+2δ‖Ht‖osc.
Roughly speaking, the “bulge” of Lε,N,σ of size σ > 0 contained inside [−N + ǫ,−ǫ] × Y− contributes
an additional term of
σ > eA+2δ‖Ht‖osc
to the primitive f˜1 of η compared to the primitive f˜
ϕ
1 of ϕη. In view of Inequality (8.11), it is important
to choose ε > 0 sufficiently small here.
Now, fix a generator p ∈ C≥0∗ . If p lies in the support of the Hamiltonian deformation G˜t, Part (2)
of Remark 2.13 does not apply. However, since for any τ, G˜t changes f0(τ) and f
ϕ
0 (τ) by the same
(possibly trivial) amount, while leaving f1(τ), f
ϕ
1 (τ) fixed, we similarly obtain
a(p) > aϕ(p) + e
A+2δ‖Ht‖osc.
By definition of C∗, aϕ(p) ≤M+. Since
M± := e
2δM± and e
A+2δ‖Ht‖osc = e
2δ(M+ −M−),
we may hence assume that
0 < −
∫ 1
0
min
X
G˜tdt < e
2δM+ ≤ a(p)
(here we have used Proposition 5.1 and Lemma 8.16).
The claim that
C≥0∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
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is a subcomplex is now a direct consequence of Lemma 8.8 together with Part (2) of Remark 2.13 (the
differential is action increasing). Similarly, the action consideration in Proposition 3.19 using ϕ˜ = 1
implies that the inclusion
ΦG˜t,0(C
≥0
∗ ) ⊂ C
+
∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; 0)
is satisfied. Indeed, any q ∈ C−∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; 0) satisfies a(q) < 0. 
Corollary 8.23. For an almost complex structure as used in Proposition 8.22 the following hold.
(1) The homology of the subcomplex
C+∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
is isomorphic to the Morse homology complex (CMorse∗−1 (h), ∂h) of Λ;
(2) Consider the inclusions
C+∗ ⊂ C
≥0
∗ ⊂ CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
of subcomplexes. The first inclusion is injective, while the composition of inclusions vanishes in
homology.
Proof. (1): This follows from Part (2) of Proposition 8.22 together with Lemma 8.12.
(2): Parts (2) and (3) of Proposition 8.22 imply the existence of a commutative diagram of the form
H(C+) //
≃[ΦG˜t,0
|
C+ ]

H(C≥0)
[Φ
G˜t,0
|
C≥0
]

H(C+) H(C+),
where the horizontal maps are induced by the canonical inclusions of subcomplexes. This shows the
first claim.
Lemma 8.12 and Part (2) of Proposition 8.22 produces a commutative diagram of the form
H(C+) //
≃[Φ0,G˜t
|
C+ ]

HF (L,Lǫ,N,σ; 0) = 0
[Φ
0,G˜t
]

H(C+) // HF (L,Lǫ,N,σ; G˜t)
M+
M−
,
where the horizontal maps are induced by the canonical inclusions of subcomplexes. This implies the
vanishing of the bottom map, as sought.

8.8. Finishing the proof of Theorem 1.3. Just before Lemma 8.18, we introduced the subcomplex
L∗ (resp. R∗) generated by Reeb chords of appropriate action to the left (resp. right) of {r ≤ T + ε}
(resp. {r ≥ T − ε}). Recall Lemma 8.18 and Proposition 8.22, which imply that
C+∗
ι
⊂ R∗
ιR
⊂ C∗ = CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
is a sequence of inclusions of subcomplexes. So Part (2) of Corollary 8.23 implies that this composition
of inclusions vanishes on the level of homology, while the first inclusion is an inclusion on the homology
level. Also, let
L∗
ιL
⊂ C∗ = CF
p0
∗ (L,Lǫ,N,σ; G˜t)
M+
M−
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denote the inclusion of the subcomplex L∗. We then have a commutative diagram in homology
H∗(C
+)
 _
[0⊕ι]

[ιR◦ι]=0
((❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
. . . // H∗(I) // H∗(L)⊕H∗(R)
[ιL+ιR]
// H∗(C) // . . .
where the horizontal sequence is the exact Mayer–Vietoris sequence from (8.20). Combining this dia-
gram with Part (1) of Corollary 8.23 we deduce that
dimH(I) ≥ dimker([ιL + ιR]) ≥ dimH(C
+) = dimH∗(Λ).
This inequality, combined with Lemmas 8.1 and 8.18, then finishes the proof. 
References
[1] C. Abbas. An introduction to compactness results in symplectic field theory. Springer, Heidelberg, 2014.
[2] M. Akaho. Symplectic displacement energy for exact Lagrangian immersions. Preprint (2015), available at
http://arxiv.org/abs/1505.06560.
[3] M. Akaho. Hofer’s symplectic energy and Lagrangian intersections in contact geometry. J. Math. Kyoto Univ.,
41(3):593–609, 2001.
[4] P. Albers and U. Frauenfelder. Leaf-wise intersections and Rabinowitz Floer homology. J. Topol. Anal., 2(1):77–98,
2010.
[5] P. Albers, U. Fuchs, and W. J. Merry. Orderability and the Weinstein conjecture. Compos. Math., 151(12):2251–2272,
2015.
[6] P. Albers, U. Fuchs, and W. J. Merry. Positive loops and L∞-contact systolic inequalities. Selecta Math. (N.S.),
23(4):2491–2521, 2017.
[7] P. Albers and D. Hein. Cuplength estimates in Morse cohomology. J. Topol. Anal., 8(2):243–272, 2016.
[8] M. Audin and M. Damian. Morse theory and Floer homology. Universitext. Springer, London; EDP Sciences, Les
Ulis, 2014. Translated from the 2010 French original by Reinie Erné.
[9] M. Audin and J. Lafontaine. Introduction: applications of pseudo-holomorphic curves to symplectic topology. In
Holomorphic curves in symplectic geometry, volume 117 of Progr. Math., pages 1–14. Birkhäuser, Basel, 1994.
[10] M. S. Borman and F. Zapolsky. Quasi-morphisms on contactomorphism groups and contact rigidity. Geom. Topol.
[11] F. Bourgeois, Y. Eliashberg, H. Hofer, K. Wysocki, and E. Zehnder. Compactness results in symplectic field theory.
Geom. Topol., 7:799–888, 2003.
[12] B. Chantraine. Lagrangian concordance of Legendrian knots. Algebr. Geom. Topol., 10(1):63–85, 2010.
[13] B. Chantraine, G. Dimitroglou Rizell, P. Ghiggini, and R. Golovko. Floer theory for Lagrangian cobordisms. Preprint
(2015), available at http://arxiv.org/abs/1511.09471.
[14] Yu. V. Chekanov. Critical points of quasifunctions, and generating families of Legendrian manifolds. Funktsional.
Anal. i Prilozhen., 30(2):56–69, 96, 1996.
[15] Yu. V. Chekanov. Lagrangian intersections, symplectic energy, and areas of holomorphic curves. Duke Math. J.,
95(1):213–226, 1998.
[16] K. Cieliebak and U. A. Frauenfelder. A Floer homology for exact contact embeddings. Pacific J. Math., 239(2):251–
316, 2009.
[17] K. Cieliebak and K. Mohnke. Compactness for punctured holomorphic curves. J. Symplectic Geom., 3(4):589–654,
2005. Conference on Symplectic Topology.
[18] K. Cieliebak and A. Oancea. Symplectic homology and the Eilenberg–Steenrod axioms. Algebr. Geom. Topol.,
18(4):1953–2130, 2018.
[19] O. Cornea and A. Ranicki. Rigidity and gluing for Morse and Novikov complexes. J. Eur. Math. Soc. (JEMS),
5(4):343–394, 2003.
[20] G. Dimitroglou Rizell and R. Golovko. On homological rigidity and flexibility of exact Lagrangian endocobordisms.
Internat. J. Math., 25(10):1450098, 24, 2014.
[21] Y. Eliashberg, A. Givental, and H. Hofer. Introduction to symplectic field theory. Geom. Funct. Anal., (Special
Volume, Part II):560–673, 2000. GAFA 2000 (Tel Aviv, 1999).
[22] Y. Eliashberg, H. Hofer, and D. Salamon. Lagrangian intersections in contact geometry. Geom. Funct. Anal.,
5(2):244–269, 1995.
[23] M. Entov and L. Polterovich. Lagrangian tetragons and instabilities in hamiltonian dynamics. Nonlinearity, 30(1):13,
2017.
[24] J. W. Fish. Target-local Gromov compactness. Geom. Topol., 15(2):765–826, 2011.
[25] A. Floer. Morse theory for Lagrangian intersections. J. Differential Geom., 28(3):513–547, 1988.
[26] A. Floer. A relative Morse index for the symplectic action. Comm. Pure Appl. Math., 41(4):393–407, 1988.
[27] D. Fuchs and D. Rutherford. Generating families and Legendrian contact homology in the standard contact space.
J. Topol., 4(1):190–226, 2011.
56 GEORGIOS DIMITROGLOU RIZELL AND MICHAEL G. SULLIVAN
[28] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Lagrangian intersection Floer theory: anomaly and obstruction. Part I,
volume 46 of AMS/IP Studies in Advanced Mathematics. American Mathematical Society, Providence, RI, 2009.
[29] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Lagrangian intersection Floer theory: anomaly and obstruction. Part
II, volume 46 of AMS/IP Studies in Advanced Mathematics. American Mathematical Society, Providence, RI, 2009.
[30] H. Geiges. An introduction to contact topology, volume 109 of Cambridge Studies in Advanced Mathematics. Cam-
bridge University Press, Cambridge, 2008.
[31] A. B. Givental′. The nonlinear Maslov index. In Geometry of low-dimensional manifolds, 2 (Durham, 1989), volume
151 of London Math. Soc. Lecture Note Ser., pages 35–43. Cambridge Univ. Press, Cambridge, 1990.
[32] M. Gromov. Pseudoholomorphic curves in symplectic manifolds. Invent. Math., 82(2):307–347, 1985.
[33] J. G. Harper and M. G. Sullivan. A bordered Legendrian contact algebra. J. Symplectic Geom., 12(2):237–255, 2014.
[34] H.-L. Her. Symplectic energy and Lagrangian intersection under Legendrian deformations. Pacific J. Math.,
231(2):417–435, 2007.
[35] H. Hofer. On the topological properties of symplectic maps. Proc. Roy. Soc. Edinburgh Sect. A, 115(1-2):25–38, 1990.
[36] H. Hofer. Pseudoholomorphic curves in symplectizations with applications to the Weinstein conjecture in dimension
three. Invent. Math., 114(3):515–563, 1993.
[37] M. Khovanov and P. Seidel. Quivers, Floer cohomology, and braid group actions. J. Amer. Math. Soc., 15(1):203–271,
2002.
[38] F. Laudenbach and J.-C. Sikorav. Persistance d’intersection avec la section nulle au cours d’une isotopie hamiltonienne
dans un fibré cotangent. Invent. Math., 82(2):349–357, 1985.
[39] Y.-J. Lee. Reidemeister torsion in Floer-Novikov theory and counting pseudo-holomorphic tori. I. J. Symplectic
Geom., 3(2):221–311, 2005.
[40] D. McDuff and D. Salamon. Introduction to symplectic topology. Oxford Mathematical Monographs. The Clarendon
Press Oxford University Press, New York, second edition, 1998.
[41] W. J. Merry. On the Rabinowitz Floer homology of twisted cotangent bundles. Calc. Var. Partial Differential
Equations, 42(3-4):355–404, 2011.
[42] W. J. Merry. Lagrangian Rabinowitz Floer homology and twisted cotangent bundles. Geom. Dedicata, 171:345–386,
2014.
[43] Y.-G. Oh. Symplectic topology and Floer homology. Vol. 1, volume 28 of New Mathematical Monographs. Cambridge
University Press, Cambridge, 2015. Symplectic geometry and pseudoholomorphic curves.
[44] Y.-G. Oh. Symplectic topology and Floer homology. Vol. 2, volume 29 of New Mathematical Monographs. Cambridge
University Press, Cambridge, 2015. Symplectic geometry and pseudoholomorphic curves.
[45] K. Ono. Lagrangian intersection under Legendrian deformations. Duke Math. J., 85(1):209–225, 1996.
[46] L. Polterovich. Symplectic displacement energy for Lagrangian submanifolds. Ergodic Theory Dynam. Systems,
13(2):357–367, 1993.
[47] J. M. Sabloff and L. Traynor. The minimal length of a Lagrangian cobordism between Legendrians. Selecta Math.
(N.S.), 23(2):1419–1448, 2017.
[48] S. Sandon. A Morse estimate for translated points of contactomorphisms of spheres and projective spaces. Geom.
Dedicata, 165:95–110, 2013.
[49] E. Shelukhin. The Hofer norm of a contactomorphism. J. Symplectic Geom., 15(4):1173–1208, 2017.
[50] S. Sivek. A bordered Chekanov-Eliashberg algebra. J. Topol., 4(1):73–104, 2011.
[51] M. G. Sullivan. K-theoretic invariants for Floer homology. Geom. Funct. Anal., 12(4):810–872, 2002.
[52] M. Usher. Observations on the Hofer distance between closed subsets. Math. Res. Lett., 22(6):1805–1820, 2015.
Department of Mathematics, Uppsala University, Box 480, SE-751 06 Uppsala, SWEDEN
E-mail address: georgios.dimitroglou@math.uu.se
Department of Mathematics, University of Massachusetts, Amherst, MA 01002, USA
E-mail address: sullivan@math.umass.edu
